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OBSERVATIONS

1. Noise in bright
area

2. BUT ALSO in
dark area

3. Light intensity
decreases along
time

MACROconfocal laser scanning microscope (Leica TCS-LSI) - cross-section rhizome of Convallaria majalis (Lily of the Valley),

by Gilbert Engler INRA Sophia Antipolis, France.
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OBSERVATIONS

1. Noise in bright
area

2. BUT ALSO in
dark area

3. Light intensity
decreases along
time

MACROconfocal laser scanning microscope (Leica TCS-LSI) - image of Arabidopsis Thaliana seedlings,

by Gilbert Engler INRA Sophia Antipolis, France.
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OBJECTIVE

P(‘Itlllbdti()ll% w

Signal = Direct model Measurements
_— —2() | —> —
H y=z(Hz)+w

Inverse problem

Inverse problem

Problem oriented towards reversal to cause-effect
sequence i.e. Find « based on observations y
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MAXIMUM A POSTERIORI PROBABILITY ESTIMATOR

Maximum likelihood estimate

x =argmax p(xz |y) [
x pY Wlzlpx ()
Py (y)

argmax py (y | @)px () &

argmax
xr

argmax log(py (y | ) +log (px (z))

» —log(py (v | x)) - an appropriate measure of dissimilarity
between x and y (so-called data fidelity function)

» —log (px(x)) - regularization function incorporating a
priori information and guaranteeing the stability of the
solution.
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DEGRADATION MODEL
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Observations
y € RS
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DEGRADATION MODEL

Poisson noise

Zs(x) ~ P([Hzxl))

z(x) = (zs(a:))l<s<s - realization of Zs(x)
H € [0, +00)>*N - point spread function
x € [0, +oo)N - original signal

a € R - scaling parameter

/ya.+ -

Observations
y € RS
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DEGRADATION MODEL

Poisson noise

Zs(x) ~ P([Hzxl))

z(x) = (zs(a:))l<s<s - realization of Zs(x)
H € [0, +00)>*N - point spread function
x € [0, +oo)N - original signal

a € R - scaling parameter

= X
/ \ Gaussian noise

-~ 2
Observations Ws ~ Nie,o%) .
s w = (ws)1<s<s - realization
yeR of W
2

c € R-mean o° - variance
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POISSON-GAUSSIAN DISTRIBUTION

Distribution through convolution product

Random variable: Y = Z + W
Distribution: py (- | ) = pz(- | ) * pw

oo o—[Hzls 5z (s —c—am)?
py(yle) =TI (z“ e )

Challenge:

» To identify the noise parameters «, a2,c

» To restore the original signal x using MAP

Assumption: Linear operator H is assumed to be known
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Poisson-Gaussian noise
parameter estimation
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TIME SAMPLES - BLEACHING EFFECT

[

Bleaching effect - process of intensity time decay usually
modeled with an exponentially decreasing function
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[o]e] Jele]

DEPENDENCE BETWEEN NOISE MODEL AND
PHOTOBLEACHING

We adopted the same model as the one presented in
[Rodrigues et al. 2009]

» Signal independent noise sources remain the same

» Intrinsic luminous intensity of fluorophore decays
exponentially with time

» Fluorophore behaviour is not uniform across a sample.

As a result:

» The Gaussian part of the model remains time-independent
» The exponential decay is put inside the Poisson model.

» We do not assume a unique decay rate for all pixels

11 /41
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MODEL
Vs e {1,...,S}
vte{l,...,T}

/—ﬂ Rey = a‘ + Wey
()

bservations

r = (rs)1<s<8,1<t<T
R = (Rst)1<s<sa<i<r
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MODEL
Poisson noise -
Vse{1,...,5} Qs ~ P(use™™)
Vie {1,...,T} a € R - scaling par.

(us)1<s<s > 0 - “clean” image
(ks)1<s<s > 0 - bleaching decay

/—ﬂ Rey = a‘ + Wey
()

bservations

r = (rs)1<s<8,1<t<T
R = (Rst)1<s<sa<i<r

12 /41
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000e0

MODEL
Poisson noise -
Vse{l,...,5} Qs ~ P(use™™)
Vie {1,...,T} a € R - scaling par.

(us)1<s<s > 0 - “clean” image
(ks)1<s<s > 0 - bleaching decay

/—ﬂ Rey = a‘ + Wey
()

bservations \ Gaussian noise

r = (rst)1<s<5,1<<T Wst ~ N(c,0?)

R = (Rst)1<s<s,1<t<T ¢ € R - mean o2 - variance
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NOISE IDENTIFICATION

000e0

MODEL
Poisson noise -
Vse{l,...,5} Qs ~ P(use™™)
Vie {1,...,T} a € R - scaling par.

(us)1<s<s > 0 - “clean” image
(ks)1<s<s > 0 - bleaching decay

/—ﬂ Rey = a‘ + Wey
()

bservations \ Gaussian noise

r = (rst)1<s<5,1<<T Wst ~ N(c,0?)

R = (Rst)1<s<s,1<t<T ¢ € R - mean o2 - variance

Find 0 = (u,k, a, c, 0?) #

12 /41



NOISE IDENTIFICATION

[o]e]e]e] ]

EXAMPLE

kY T=4

Original signal
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EXAMPLE

=

4
‘35

Signal corrupted by Poisson noise

Yy
St

3
3

; S

e
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EXAMPLE
> 3 s L
=

Signal corrupted by Gaussian noise
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EXAMPLE

:
aQs 1 +Ws

T=4
S=>512

Signal corrupted by Poisson and Gaussian noises
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CUMULANTS

fi'n[Rs,t] = an"fn[Qs,t] + ""’H[WSJ]
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CUMULANTS

hn st = o Rn Qst + Rn Ws,t]

Cumulant of orderX
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CUMULANTS
H’)I[RSJ] = an"fn[Qs,t] + "‘Hz[ws,t]

Then:
» mean value

k1[Rs 4] = E[Rs] = ae™tus + ¢
» variance
k2[Rs 1] = Var[Rs ] = a?e ®ug + o2
» higher-order cumulants

Kn[Rst] = e Rty n>3

14 / 41
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PROBLEM FORMULATION

Using E[Rsy| = R TR

wehave: Rgr= g, e Bt 4o+ E; \
\/ (Est)1<s<s1<i<t -
(as = auls)1<s<s independent zero-mean

random variables.

Optimization criteria

(@,k,¢) = argmin Y5 ST (rop — ¢ — s e‘ksf)z

ak,c

15/ 41
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TRADITIONAL APPROACH

Rewrite the problem as

minimize ¥ (k
ke[0,+o00[" ¢()

where (Vk = (ks)1<s<s € [0, +o0[*)

T

5
min ZZ(rsf—c—as k<>.

S
aeR CE]RS 1 =1

For large-size problems (S large), the minimization of v
requires to solve a large dimensional non-convex
minimization problem.

16 / 41
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REFORMULATION IN THE PRODUCT SPACE RS x RS

S
(minirr)lie%es E s (Cs, X%5) + tp(cry .- ., Cs)
C1,---5CS —
(%1,--.,X5) ERS =

where (V(cs, x5) € R?)

as€R
400 otherwise,

2
min Zle (Vs,t —Cs — asx§> if x; € [0,1]
(Ps(cs»xs) =

and ¢p is the indicator function of D defined as

0 ifce D
(VC:(Cl,.,.,CS)ERS) LD(CL...,Cs):{ e '
+o0o  otherwise.

17 / 41
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Estimates ¢ and (X;)1<s<g are obtained using the
Douglas-Rachford algorithm [Borwein ef al. 2011]. Require
to compute proximity operators (proxLD and proxWS).

prox;: RN RN : gz — argmin, _pnf(y) + e — y|?

ci+- e
(V(cs)1<s<s € R5) prox, (c1,...,cs) = %5(1, 1.
Then, we deduce:
L1 .
(Vs e{1,...,S}) as :x51_§25T (Ts,t — C)X,.
5 t=1

18 /41
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REMAINING PARAMETERS

Closed-form expressions

STYS (afs — Yo e s 1 a5
S > 5 5 ~__
ST Y o @2w? — (3o asws)?

a =

I

as

(sefl,..8) m=z | I T
=) x,w2=) x
(s:t)

T T
=t
| es = E est, fs = 5 Xs.t
t=1 t=1

2

Cst = (1’57t — 71\5/322 —E)

19 / 41
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REFINED ESTIMATION

Cumulant based approach -summary

» Cumulant approach estimates vector of unknown
parameters 6

» Unknown parameters are not jointly estimated

» Possible large error propagation

Refined estimation

Observed data 7

Cumulant
- —>| EM |—>
based approach

A o)y 9 =) D)

20 /41
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EM ALGORITHM [JEZIERSKA et al. 2011]

Joint density function fr(r | u, k, o, c, o) for Poisson + Gaussian:

T
H —Tu, H f e (rs,t— ‘;jst (1/[ e —kst )qsyf
ST |
270) P ds,t:

Expectation step

(016 = Eq_y o Inpr o (@), (@ 1 (0]

R - observations, Q - missing data ; 6 - vector of parameters

Maximization step

(Vn € N) 0+ = argmin — J(6 | 6)
0

N

/41
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EM MAXIMIZATION STEP

Update of (Vs € {1,...,S}) k"™ = —Inx("+1) where x("+1)
is the solution in (0, 1) of the polynomial equation:

(1+Tx™ —(T+1)x Z Eqrer,om [Qs.f]

=(1—x—x" 42" Z tE Qir=r.000 [Qs 1]
t=1

solved with Halley’s algorithm

Update in a closed form: u§n+1), o) ont1) 5 (n+1)
assuming known conditional mean E, ., 5, [Qs /] and
Eoir=r0t [Q2,] computed in EM Expectation Step.

22 /41
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EM EXPECTATION STEP

Egirero0m[Qst] = qutP Qs =gst | R=1,00)
qs,t= 1

23 /41
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EM EXPECTATION STEP

Egirero0m[Qst] = qutP Qs =gst | R=1,00)
qs,t= 1

After some calculations, we have:

N
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EM EXPECTATION STEP

Egirero0m[Qst] = qutP Qs =gst | R=1,00)
qs,t= 1

After some calculations, we have:

¢
EQ|R:F,9(") [Qs,t] (n)
775 t

N
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[e]e] ]o)

EM EXPECTATION STEP

Egirero0m[Qst] = qutP Qs =gst | R=1,00)
qs,t= 1

After some calculations, we have:

(s p—a(Mgg —c(M)2 (ugn)e*ks(n)t)%,t

2(o )< s 2 )
/—-}qst : (QS,t — 1)'

EQ|R:F,9(") [Qs,t] (n)
775 t

N
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EM EXPECTATION STEP

Egirero0m[Qst] = qutP Qs =gst | R=1,00)
qs,t= 1

After some calculations, we have:

_(rsp=aMgy j—cM)y? (ugn)e*ks(n)t)%,t

2(o )<") s 2 )
/—-}qst : (QS,t — 1)'

7757)

Eqir=ro0 Qs =

_ (rspt— oM 4= —c(m)2

_ (n)
Z e 2(0’ () m

|
- —0 %,t
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EM EXPECTATION STEP

Egirero0m[Qst] = qutP Qs =gst | R=1,00)
qs,t= 1

After some calculations, we have:

_ Usi— a(mg 4 c(m)?2

(ugn)e*ks(n)t)qs,t

EQ|R:7’,9(”) [Qs,t] ()
775 t

(rs =g =) (n) —k£'1>t
DT

|
Jo= —0 %,t

Problem: Infinite sums
Solution: Adaptive truncation technique
Egr—rom[Qz ] is computed similarly

2(o )<") s 2 )
—1)!
/—9% 1 (gst — 1)!
Cst

23 /41
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TRICKS FOR THE TRUNCATION

_ (s — a(gst +b) — )2\ (use™st)Tst+b
Hs,t(o, b, qs’t) = exp <— 202 qu!

Figure: II, (0, 0,0, g5 ;) as a function of g ; for rs ; = 50 ( ) for 6:
a=1,¢=0,0%=100. (left) u; = 60 and (right) u; = 130. Proposed
bounds in blue. Bounds proposed in [Benvenuto et al. 2008] in red.

Black dotted line: 7 ;; pink one: u.
24 /41
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PROPOSED ALGORITHM

Step 1: Cumulant Method

00 — (uM kW oM M (52)D)
Step 2: EM Algorithm

forn <~ 1toN do

Expectation step
(n)
Egir=r,om [Qs,t] < ns(—f,)

s,t

()

2 ;
Egr=rom Qs < ns(ﬁ)
s,t

Maximization step
gnt+l) (u(n-i-l)7 k(n—i—l)’ a(n-i—l), C(n-i—l)’ (02)(n+1))

end for
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PROPOSED ALGORITHM

Step 1: Cumulant Method

00 — (u®, k0 o D (52)D)
Step 2: EM Algorithm

forn < 1to N do

Expectation step
(n)
Egir=r,om [Qs,t] < ns(—nt)

s,t

()

2 ;
Egr=rom Qs < ns(ﬁ)
s,t

Maximization step
gnt+l) (u(n-i-l)7 k(n—i—l)’ a(n-i—l), C(n-i—l)’ (02)(n+1))

end for
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PROPOSED ALGORITHM

Step 1: Cumulant Method

00 — (uM kW oM M (52)D)
Step 2: EM Algorithm

forn < 1to N do

Expectation step
(n)
Egir=r,om [Qs,t] < ns(—f,)

s,t

()

2 ;
Egr=rom Qs < ns(ﬁ)
s,t

Maximization step
g(n-i-l) «— (u(n—i—l)7 k(n—l—l)’ a(n—i—l), C(n—i—l)’ (02)(71-1-1))

end for
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PROPOSED ALGORITHM

Step 1: Cumulant Method
00 — (uM kW oM M (52)D)
Step 2: EM Algorithm

forn < 1to N do

Expectation step
)

Egir=r,om [Qs,t] < i‘?’ﬁ)
E?}f)
EQ\R:r,F)(”) [QE,J — ﬁ

Maximization step
g(n-i-l) «— (u(n—i—l)7 k(n—l—l)’ a(n—i—l), C(n—i—l)’ (02)(71-1-1))

end for
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PROPOSED ALGORITHM

Step 1: Cumulant Method

00 — (uM kW oM M (52)D)
Step 2: EM Algorithm

forn <~ 1to N do

Expectation step
(n)
g
EQIR:rﬂ(") Q]
ns,t
2 o
s,
EQ|R:r,9<n) [Q5] M)
s,t

Maximization step
gnt+1) (u(’7+1)7k(”+1) ) (n+1) (02)<n+1))

N

end for
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SYNTHETIC DATA RESULTS

Evaluation criteria

2
(ST) ™'Y g (ase™)
2
Z(ns) (‘Zse_kst —ase_k5t>

SNR = 10log;,

Results

Statistics over 50 noise realizations. N

o ¢ & —
Bilsiihiodl, bias | std | bias | std | bias | std .

Init. | 357531 19 | 1.0 | —0.3 | 0.4 | 395
EM 29 |09 | 14 | 0.8 | —03 | 04 | 39.7 u

Table: Experiment conditions: T = 180, S = 200, o = 30,
0?2 =100, ¢ = 10, us € [0,150], ks € [107#,10~3]

26 /41
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(a) Rs.l (b) Rs‘-'LS

(c) Rs,90 (d) Reiso
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VISUAL RESULTS

.

] |ﬂ-1-.-

&
-:. I.-\.JJ ]

Original image 7 1
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VISUAL RESULTS

E Original image 7 1

Original image 75 130
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VISUAL RESULTS

.‘

Original image 7 1
Original image 75 130

Mean over T = 180
realizations
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VISUAL RESULTS
‘

—

Original image 7 1
Original image 75 130

Mean over T = 180
realizations

Reconstructed image
Parameters:

a =258

c=38

52 =119

s € [0,147]

ks €10,3.9 x 1079

28 / 41
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TIME VARIATIONS

3600

|
3200 A

‘ F\uw\‘ﬂh r”w‘ I y mnw"“l“w‘%\v“f“\_
I ”w“’ i ,,f'\.'};'w

2200 '

2600

)
m “‘
i ,H |

(a) 25.8 x 1267107 1.8 (b) 25.8 x 19~ 36X107" 4 g

Figure: (a,b) illustrate time variations for fixed s. True data R;

plotted in blue and estimated time curve (using formula 61756’@ +0)
plotted in red.
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Restoration of images
corrupted by

Poisson-Gaussian noise
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IMAGE RESTORATION

oe

BACKGROUND

» Previously proposed strategies:
grounded on any approximations of the noise statistics,
not robust to numerical errors, cannot cover a wide range
of priors

» Proximal methods:
flexible, with guaranteed convergence, splitting methods,
applicable to convex optimization problems

Proximity operator of function f

prox;: RY — RY : & — argmin, _pnf(y) + Uz — y|?

» f-lower semi-continuous proper convex function
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POISSON-GAUSSIAN DISTRIBUTION

Poison Gaussian neg log likelihood

\/ 2102

Challenge:
To establish one of the following properties :

» explicit form of proximity operator of —log(py (y | x))
» u-Lipschitz differentiability of —log(py (v | z))

32 /41
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Theorem

The function g(x) = —log(py (y | «)) is convex and

p-Lipschitz differentiable on [0, +00)N
2(ys—c)—1

1
p=1HI? (1-e 7 ) maxeen, sy 7

Gradient on the positive orthant

(Vz € [0, +00)N) Ve¢(z) = H'(1—u(Hz))

(s yoc—1
v§=(§s)1gs§s u(§) = ( (E(gsy,ysic) ))1§s§S

0o L (v—an)?
v(ﬁv €R? :( £, ) Z:Og_'e 307 (V7o)

\ J

Note: gradient of the Poisson- Gaussian negative log-likelihood
involves infinite sums and cannot be computed exactly
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PROBLEM FORMULATION

Z € argmin  f(x)

L f(@) = h(zx) + ro(x) + XM 1 (L)

o 7y(Lmx) - convex regularization term with
linear operator Ly, € RPn*N

e 1o(x) - indicator function of a closed
convex subset of [0, +-00)N

e hi(x) - for non-negative values defined as
—log(py (y | ©)) and which takes a
quadratic form on (—oo, OJN.

34 /41
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Primal-dual splitting approach [Combettes and Pesquet, 2011]

Initialization: o € RY, (Vm € {1,...,M}) vy, 0 € RP»
fork=0,...do

Y1k =Tk — 7 (Vh(iﬂk) +3m lem,k> + ay

P1k = prox., (yix)
form=1,..., M do

) )

Y2.mk = Umk + Y LmTk
P2mk = Y2mk =7 PTOX 1, (v Y2mk)
D mk = P2mk + 'Ymel,k
Umk+1 = Umk — Y2,mk =+ a2 m k
end for
qix =Pk — 7 (Vh(Pl,k) +3M L;pZm,k) + ¢
Tit1 = Tk — Y1k T Q1 k
end for
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Primal-dual splitting approach [Combettes and Pesquet, 2011]

Initialization: zg € RY, (Vm € {1,...,M}) v € RP»
fork=0,...do
Y1k = T — 7 (Vh(wk) + Z%:] L;Um,k> + ai
Pk = prox., (y1x)
form=1,..., Mdo
Y2.mk = Umk + Y LmTk
P2mk = Y2mk =7 PTOX 1, (v Y2mk)
D mk = P2mk + 'Ymel,k
Umk+1 = Umk — Y2,mk =+ a2 m k
end for
1k = P1k — 7 <Vh(p1,k) + Z%:] L;;Zplrn?k) + ¢k
Tk+1 = Tk — Y1k T q1k
end for
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Primal-dual splitting approach [Combettes and Pesquet, 2011]

Initialization: zg € RY, (Vm € {1,...,M}) v € RP»
fork=0,...do
Y1k =Tk — 7 (Vh(ivk) + 3 lem,k> + ay
P1k = prox., (yix)
form=1,..., Mdo
Y2, mk = Umk + v Ly xy
P2mk = Yomk — proxﬁ/flym ('\/’71y2,m,k)
DQmk = P2mk T A/meLk
Umk+1 = Umk — Y2,mk + a2 .m .k
end for
qix =Pk — 7 (Vh(Pl,k) +3M L;pZm,k) + ¢
Tit1 = Tk — Y1k T Q1 k
end for
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CONVERGENCE

Assumptions:

® f: coercive, i.e. im0 f(T) = +00

® V,cq1,. My Im: finite valued

© yele(1-¢)/8lec(0,1/(B+1), 8=p+ /oy [1Lnl?

O (ay)iey and (cg)icy : absolutely summable sequences

There exists a minimizer Z of f(x)
s. t. (xx)reny and (1 i )ken converge to T

36 /41
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RESULTS

Total variation penalization:

» P, =2N
Lo =[anT @a97]

v

v

AN ¢ RN*N _horizontal gradient operator

v

AV € RN*N _vertical gradient operator

Vocas, (L) = M S50y (A2 + (%))
Am >0

v

v

37 /41
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RESULTS

» Original image: size
. 128 x 128
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RESULTS

Original image: size
128 x 128

Noisy blurred image:

7 x 7 Gaussian blur
with standard deviation
0.5

02 =50

MAE = 15.74

SNR = 16.89
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IMAGE RESTORATION

RESULTS

(o] J

Original image: size
128 x 128

Noisy blurred image:

7 x 7 Gaussian blur
with standard deviation
0.5

o2 =50
MAE =15.74
SNR =16.89

Reconstructed image:
MAE =5.72
SNR =25.11
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CONCLUSIONS

» We have proposed a new EM-based approach, which
jointly estimates Poisson and Gaussian noise parameters.

» These algorithms can compute unknown noise parameters
for denoising or restoration procedures, which normally
are assumed to be known [Benvenuto et al. 2008,

Luisier et al. 2011, Jezierska et al. 2012]

» Apart from noise parameters, we can also estimate the rate
of bleaching and as a side effect, we can also estimate the
original data
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FUTURE WORKS

» Perform more validations on MACROscope (widefield and
confocal)

» Image restoration method with proposed noise model,
space varying PSF and more appropriate regularization
term than TV (to avoid staircase effect)
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