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Neural Network for Estimating
Conditional Distributions

Henrik Schioler and Piotr Kulczyckiviember, IEEE

Abstract—Neural networks for estimating conditional distribu-  neural networks is shown to be a special case of gradient opti-
tions and their associated quantiles are investigated in this paper. mjzation in the sense of mean squared error [1]. Feedforward
A basic network structure is developed on the basis of kernel neural networks are analyzed in [2] for consistent estimation

estimation theory, and consistency is proved from a mild set of f diti | tation functi hich optimi ted
assumptions. A number of applications within statistics, decision of conditional expectation functions, which optimize expecte

theory, and Signa| processing are suggestedl and a numerica|squared error. Optlmal classification is concerned with the
example illustrating the capabilities of the elaborated network problem of classifying a set of objects, on the basis of

is given. feature measurements, while obtaining a minimal probability
Index Terms— Conditional distributions, data transmission, Of misclassification. This problem is equivalent to conditional
kernel estimation, neural networks, optimal control. estimation, and it is shown in [3] that feedforward neural

networks estimate the optimal discriminating function, when
trained with the backpropagation error algorithm. In all of the
above cases, some sort of optimization or training algorithm
ELATIONSHIPS between random variables are mos§ applied adjusting initially random network parameters opti-
often described by characteristic parameters such @glly with regard to average loss functions on a finite set of
mean vectors and covariance matrices or in extraordinafgining data. A more constructive way to follow is indicated
cases moments of higher order. When standard situations jgyg4], where a probabilistic neural network for classification
considered, for example, if all variables are jointly Gaussian Based on kernel estimators is investigated, as well as by [5] and
when the conditional characteristics are linear or low-degreg), in which a similar line is followed for proposing neural
polynomial functions, that approach is to be recommendagetworks estimating conditional expectation functions. From a
On the other hand, when the situation is far from the abovgsrtain point of view, this strategy is the basis for suggesting a
more general methods should be considered. Statistical relgge class of different neural-network architectures, including
tionships are completely described by the joint distributioimong others localized receptive fields [7] and counter propa-
of all the variables in consideration, however in some casgation networks [8]. In this paper such a constructive strategy
it is appropriate to partition the considered random variabl@s pursued in order to design a feedforward neural network
into two groups. One group of so-called explanatory variablggpable of estimating conditional distributions. Initially the
yielding information about or explaining the variables in th@ecessary mathematical preliminaries concerning conditional
second group. From that point of view conditional distribudistributions are given along with the basic terminology and
tions as well as their associated quantiles are the objegtstation. In the following section two different applications are
of interest. In some cases such conditional distributions aggggested, where the latter, which is from the area of digital
sufficiently precisely described by standard expressions wElynal processing, constitutes the basis of a numerical example
only a low number of characteristic parameters to be estimaigiden in the last section. In Section Ill the basic neural-
statistically. In the remaining cases nonparametric methodistwork structure is developed based on kernel estimation
including neural networks may prove to be useful, and thechniques, and a rather general theoretical result is presented

purpose of this paper is to develop a neural network applicalli@strating the wide applicability of the constructed network.
for estimating conditional distributions and quantiles in the

general nonstandard situation.

Neural networks have in recent years developed into pow-
erful tools for solving optimization problems within e.g., Consider a real random variable with a distribution
classification, estimation, and forecasting. For the majority 84nction 7, and a numbep € (0, 1). Any real numberg
cases, the applied neural networks, from a statistical point foffilling
view, solve conditional estimation problems. The celebrated Fo(q) = (1)
backpropagation error algorithm used for training feedforward w\4) =P

is said to be a quantiles of orde9]. If the distribution func-
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Consider two real random variables and v defined on a
common probability space with a joint distributiaf,,, on
IR?. Then the functionF,,: IR* — [0, 1], exists ([10, Section
33]) such that we have the following conditions.
1) For everyv € IR, F,(-, v) is a distribution function
on R.

2) For everyA = (—o0, d] and every measurable subset

B of R

Puldx B) = [ Fu@odp ). @

The function F,,, is called the conditional distribution

function of the random variable; with respect tov. In the
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equal the optimal valug.. As seen from (9) losses may depend
strongly on the sign of estimation error, depending on the
values of the coefficients and b. If the optimal valuew

is a random variable with a probability distributiafi,, the
expected loss is given by the so-called Bayes loss funétion
defined as follows:

Ly (W) = /R LW, w)d Py (w).

The valuelg(W) simply constitutes the expected loss when
estimatingw by the valuelW. Any real numbeig such that

(10)

case where the joint distributiof?,,, has a density function ;5 cajied a Bayes estimator.

h.., @ conditional density functioh,,,, is given as
P (w0, 0)

/ hoo(, v) dzx

for every v where the denominator in the above formula
nonzero. Then the conditional distribution functiéf,, can
be found explicitly by

Fypo(d, v) = /d

—0

hw|'u(w7 U) = (4)

hw|'v(w7 U) dw. (5)

For anyv € R the conditional quantile«(p, v) of orderp
can be uniquely defined as in the unconditional case, i.e.,

qc(p; v) = sup{q|Fuwpu(q, v) < ph. (6)

The following equations:
(.ZC(le'U((.Z7 U)v U) =q (7)
Fw|b(q0(p7 U)v U) =p (8)

are readily shown to hold in any point whetg,, is a
continuous function of its first argument.

Generalization of the definition af,, for v € R™ and
w € R™ is straigthforward, as well as aof- for v € R"
andw € IR. In the most general case whee € R™ the

When the loss functiohis defined by (9) it is readily shown
that the Bayes estimator equals the quantile of order

a
a+b

is A practical example illustrating the relevance of quantiles
as Bayes estimators is described in [11], where they are
the solution of a time-optimal control problem. A parameter
w, representing motion resistances in a mechanical system,
is estimated by the valu&’, which appear directly in the
equations of a time-optimal feedback controller.JAf > w,
overshoots occur which increases the time of reaching the
target proportionally tol/ — w with a coefficientd. In the
case wherédV < w, so-called sliding trajectories appear, also
prolonging the reaching period proportionally®e- W with a
coefficienta. The Bayes optimal estimate of the parameter
therefore exactly constitutes a quantile of ordéfa+5). That
problem has been solved in [12] using a preliminary version
of the neural network presented in this paper.

When explanatory variables are available the Bayes es-
timator for the above loss function is constituted by the
conditional quantiley.. In the time-optimal control problem,
the vectory may contain disturbances possibly influencing the
resistances of motion, as for example temperature or target
position. Minimum expected reaching time is then obtained

p= (12)

quantilesq(p) and g (p, v) are to be defined as sets. That idor W= qc(p; v).

omitted here.

I1l. A PPLICATIONS

Two applications of conditional distribution functions an
guantiles are considered below. One is a time optimal contr

problem from the area of decision theory,
the task of data compression in the area of digital sig
processing.

A. Time Optimal Control

and the other js

o

B. Signal Processing
When a finite capacity channel is used for data transmission,

&oding is often provided for optimal channel utilization. One

e>fample is the ADPCM [13] speech coding used for digital
ata transmission in mobile telephones. The objective is to
ti':msform a sequence of mutually dependent random data
, U—1, U, U1, Uz, ---+ With @ certain distributionP,,
into a sequencd- - -, uc_1, ucy, ucy, ucy, -- - of mutually
independent and uniformly distributed data. The transformed

data are then quantized and transmitted across the line to

Let the functionl: IR x IR — [0, o0), here after referred to the receiver where they are decoded. ADPCM coding is

as the loss function be defined by
(W, w) = {—a(W—w) if W—-w<0

(W —w) if W—w>0.
Obviously (W, w) = 0 for W = w, so the loss function
describes the losses incurred when the estim#teloes not

9)

designed on the assumption that the uncoded data exhibit the
properties of linearly filtered white noise, in which case coding
can be performed by the inverse linear filter removing the
time correlation of the data. When the uncoded data are not
correlated but still strongly dependent, linear filtering will of
course work.
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Assume that the sequenge;} is Markov, i.e., where the volume functiol¥ is expressed as
Fui|’ui—1,ui—27"' :Fuz‘|ui—1 V(7) = / d)(g) dw (18)
= Lwlv (13) —o0 r

and that the conditional distribution functiafi,, is a con- and the kernel functiop: R — IR obeys

tinuous function of its first variable. Then the sequefge; } . 1 = w—d B
defined by i s | Bwe( == Jdw=h(d)  (19)
uci = Fpy(w, i-1) (14) for any bounded continuous density functién The above

estimator has been investigated in [15] for the case of the
sequence{w;} being independently identically distributed
hi.d.) random variables with a common continuous density
unction h,,. Forr — 0, andm -r — oo asm — oo,
hi" is shown to be a pointwise consistent estimator.gf
udeq; = qc(ucqi, udegi—1). (15) and its modes. By interpreting the kernel functignas the
nonlinear function of a neuron, and the sequereg} as
a set of observations serving as training data, it has been
demonstrated in [4] how this estimator exhibits properties
Fofuioyuies, o = Fugjus o, wis, ooy i equivalent to neural networks. From a computational point
= Fujo- (16) of view it possesses a massively parallel structure, which

) ) i allows for high-speed implementation on dedicated hardware;
The above coding scheme is based on the assumptions mﬂEtionaIIy, it is capable of learning general probabilistic

the conditional distributiort,,, is known in both ends of the information from measured data. It should be pointed out,

transmission line. Therefore means for transmitting this knov‘ﬂ'owever that the number of neurons in the network defined
edge without occupying any significant amount of channgl,, tormula (17) equals the number of data in the training

capacity is needed. set, and that learning more or less takes place by memorizing

data. In that respect the network provides no data compression.
In [5], [6] the estimator (17) was transformed to compute

conditional expectation functions and a structure equivalent
Feedforward neural networks are most frequently traingéd the kernel smoother described in [16] was obtained. Here

by applying some sort of optimization procedure like backhis transformation is directed toward estimators of conditional

propagation in order to set weights and offsets optimally witttistribution functions.

regard to some objective function. In most cases the objectiveln the multivariable case the training data is a finite sequence

function equals the average of some loss function on tbé the form {(w;, v;)}, where v; denotes an observation

available set of data. Thus the objective function constitute§ some observable explanatory variable. In that case the

an estimate of the expected loss function, i.e., the Bayes lossltivariable density estimatg’’;” can be given as

function, and the training procedure an attempt to minimize the 1 m ‘ ‘

Bayes loss function. Successful training will force the neuralf”; " (w, v)= —>— " ¢<w_wz) .¢<U_UZ>_ (20)

network output to estimate the theoretical optimum, which for mV(r) 4 " "

mean squared error is the conditional mean, and for the l%%onditional distribution estimat@,;’h” can be obtained by

function! defined in (9) equals the conditional quantile. subjecting A" to a transformation analogous to the one
In this section, a neural network for solving the more genergiﬁned by (L”Af) and (5), i.e

problem of estimating conditional distribution functions, an
) . . d

their associated quantiles of any order. In [14] a perceptron

like structure is trained with backpropagation to reproduce

so called fractional bins representing the conditional density.

Here the reasoning follows the constructive line of [4]—[6] /

and is based on the theory of kernel estimation, which will be O )
introduced shortly below. which leads to the following closed-form expression:

™ d—w; V-
A. Kernel Estimation ZS< , ) '</)< , )
_ =1

will be independent andc; is uniformly distributed on [0, 1]
for all ¢. After quantization the sequen¢ecq; } is transmitted.
At the receiver side the original sequence with quantizati#
error {udcg; } can be restored by

The coding scheme can directly be generalized:tto-order
Markov processes, i.e., where

IV. NEURAL NETWORKS FORESTIMATING
CONDITIONAL DISTRIBUTIONS

ha (w, v) dw
FIr(d, v) = L2 (21)
h (w, v) dw

Let {w;} in the following be a sequence of identically 4%, (d, v) = D — (22)
distributed random variables with a common density. Z¢<U )U”>
For anym € N\ {0} andr > 0 the density estimate i=1 !
hiy'": R — IR can be defined by where S denotes the antiderivative of the functign

m,r 1 - w — w; d
hy " (w) = V) ; </>< . ) (17) S(d) = /_ _ P(w) dw. (23)
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A scaled Gaussian density function may be proposed as dn Theorem 1 only a very general ergodic property has to be
candidate for the functiow, that is fulfilled, requiring empirical measures of the data sequence to
5 converge to the limit measurg,,,, which not even locally

P(d) = exp (=|d|"). (24) s assumed to possess a density function. The conditional

where| - | denotes the Euclidean metric @?”. This function distribution functionf,,|,, needs to vary smoothly with regard

exhibits all properties required except that its antiderivativte the explanatory variable in the sense stated in (29), which

is not computable in a closed-form expression. Therefoadlows for almost any degree of discontinuity with regard to the

the function S can be chosen not according to (23) buexplained variablev. The estimatod?;’ll." is redefined in (30)

as a function exhibiting equivalent properties and which fsom its original definition in (22). The ternyr now appears

computable in a closed-form expression. The well-knowin the argument of the functiof allowing for convergence to

sigmoid function then constitutes a natural choice, i.e., points of discontinuity with regard to the explained variable
1 w. It should be noted that the theorem is easily generalized to
S(d) = HTp(—d)' (25) arbitrary dimensions only by redefining the functiénto an

arbitrary dimensionD, i.e.,

The above elaboration has been based on kernel estimation
of a joint density functiorh,,,, and leads to an estlmaféﬂv’ S(dy, da, -+, dp) = 72,5(d;). (32)
of the conditional distribution?,,;; and serves here merely
as motivation to formula (22). In fact, from definitions (24For D = 1 the conditional quantile estima@%’”’ is defined
and (25) it can be shown by fairly standard means, on onlyuaiquely by
very mild set of assumptions, that a slightly modified version
of F7'" consistently estimateB,,|,,, as stated precisely in the FZT et " (ps ), vl (33)
following theorem, which is proved in the Appendix.

Theorem 1:Let P, be a probability measure dR? with B. Data Compression
an associated distribution functidmn,, and define the measure

P, on IR by The neural network defined by (30) maps its training data

directly onto its network parameters implying a number of
P,(A) = Pyu(R x A). (26) neurons equal to the number of training data At least in
the signal processing application discussed earlier some sort
of efficient data compression is needed for the network to
serve its purpose. Data compression is generally introduced by
replacing the estimatdfgrv " with its compressed modification
lim 1 Z Ulz — z(w)] Eeom

m—oo M,

CRD ZS - J“f 7—“’
:7U([z)— (w, Y] dPus(w, ) wP1  (7)  Feimld v} == < g )>< ) (34)

v — T
;¢< :

In this equatiom denotes the number of neurons which is con-

Assume a discrete-time random process (w, v): 2 xIN —
IR? to be such that empirical distributions convergeitp, at
every continuity point of that function, i.e.,

for every continuity pointz of F,,, where the function

U: R* — [0, 1] is given as
Ulzy, x2) = { Loif r”;l 2 0 andzp 20 (28) sidered to be a design parameter restricted kg m in order
0 otherwise. to ensure a sufficient level of compression. The parameters
Also let the conditional distribution functiod’,,: R? — ;= (z, x¥), are viewed as adjustable weights and offsets,
[0, 1] fulfill the following smoothness condition: subject to some training procedure projecting the statistical
. TN . information of the training data to the network parameters.
31_1?%- Fujold, v) = Fopp(d, 9) (29) Two different procedures for setting the parameteysare
discussed below.

at any point(d, ©), where I, is continuous with regard to One approach is based on the following self-organizing

its first argument.

Then, for the estimatoFL’;’ll." defined by chtlegn;(rei.thm 1
i d—w; + /7 v—1 * The parameters; are initially drawn randomly according
Z S( , ) '¢< . ) to the joint densny estimatel)’;” defined in (20), i.e., for
FZT;.T(d, v) = = — (30) everyicl...n,jis selected from. - - - m with equal
Z¢<U Ui) probability for all valuesz; is then initially set by
=1

o ] T, =w;+e (35)
the following is true for any in the support ofP,:

(d, v) w.P1 31) wheree is independent and Gaussian distributed with a

1. 1 Fr,rn d
im | lim F27 (d, v) variance/r /2.

r—0 |:rn—>oo :| -
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Fig. 1. Time sequence of applied data sequence.

* All parametersz; are then submitted to the following converge weakly to the uniform distribution on [02 then the
correction scheme: empirical distributions of G(A)} converge weakly tdv,,,.

— repeat For example{A; } might be crossing points on rectangular
grids with gridsizes converging to zero. These properties are
used in algorithm (2) to make network parameters imitate the
o if |z —wj| < |zk — wy| then empirical distributions of the data.

s =z 4 (wj— ) Algorithm 2:

o . —-1... idi
— until all parameters have stabilized Select{z;}, ¢ =1 n equidistantly on [0, 1].

° L m, 71 P .

The initial random setting according to the estimated density g?leyétfxz} j (iil)'_f_(?rng ;qluidisgﬁtly on [0, 1].
produces a rather qualified starting guess for the subsequent for § = 11 7711' ’
self organizing, which in turn diminishes the randomness from o )
the initial settings to a level fair to the number of available =~ — for j = 1 e
training datan. That is the statistical uncertainty 87, (d, v) *k=mng-it g
will be comparable to that of':"(d, v). * oy = vir

For the signal processing application discussed earlier, only ’

*for j=1.--m;

Yoy = g0 (75, v

the initial settings might be transmitted, whereas the subse-The parameter setting scheme above can be generalized
guent correction is to be done independently at transmitter arbitrary dimensions but it is not recommended for high
and receiver ends, respectively. Such an approach closéimensionality as the computational effort tends to grow
resembles the ADPCM scheme mentioned earlier and ewetponentially with dimension. The advantage of this second
generalizes certain elements of that method. approach for parameter setting is that constitutes a determinis-
Another approach to setting the parameters} utilizes the tic mapping from the available training data onto the network

(3

estimatorF,glfv” and an analogous estimatbf* ", and is based parameters, which makes it feasible for analysis. Convergence
on the following reasoning. Let the functiai: [0, 1]> — IR?  properties for the compressed estimatd},); could be stated

be defined by along the same line as fOFZTLT- The possibility for such
analysis is only mentioned at this point, whereas the analysis
G(xt, 2?) = {q(zY), qclz?, q(zH)]} (36) itself is not presented in this paper.

where ¢ is the quantile associated to the distributidf
and g¢ is the conditional quantile associated £q,,,. If the
random variables:; and z, are independent and uniformly In this section, a numerical example is presented illustrating
distributed on [0, 1] ther&(zy, z5) is distributed according how the proposed network can be applied to a signal process-
to F,,, onIR?. Also if {A,} is a sequence of finite subsets ofng problem, where the data sequereg} is to be transmitted

[0, 1]* and the empirical distributions of the points {m1;} over a finite capacity channel. The data sequence is artificially

V. NUMERICAL EXAMPLE



1020 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 8, NO. 5, SEPTEMBER 1997

0.5 T T T T T T T T T

04r S

0.2r

0.1

0.4F e i

0.5 ) 1 1 I 1 1 L 1 1 L o
0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

u(i-1)

Fig. 2. Scatter plot of adjacent data.

0.5 T T T T T T T T EHPHERRNG
o4k’ TORNS S
0.3F SO00 o CEEC RS 1

0.2} O COo O O oG i

[OIGION®; [OERGR SRR
Sy ey o ooy e
ORORS. OC O

XW

o
T
L
o
-
e
-
=

1

05

S
[6)]
.
o
O
'
o
w
i
o
N
.
(@]
-
o
(=]
o
o
\S]
o
w
oo
BN

Fig. 3. Network parameters transmitted across transmission line.

generated according to the following first-order autoregressiasbvious from (37) thai; and«; are completely uncorrelated

for ¢ # j, and any coding scheme based on linear filtering like
w=8;+ A ui_1+/0.03- (1 — A2) - ¢ the ADPCM algorithm becomes useless.
fori=1,2, -, 2000 (37) The data are encoded in two different ways as mentioned in

the former section. It is first assumed that the complete data

where s; is drawn independently from—{1, 1} for everyi sequence is available before any transmission takes place. An

and {¢;} is a sequence of independent and standard normatipcompressed estimate of the conditional distributiqy),,,

distributed random variables. The data sequence is depictedvitere v; = u;_; andw; = v, is defined byF»" and the

Fig. 1, and a scatter plot of the data is shown in Fig. 2. It isetwork parameter$z?, ¥}, ¢ = 1 : 100 are set according



SCHIOLER AND KULCZYCKI: NN FOR ESTIMATING CONDITIONAL DISTRIBUTIONS 1021

0.5

0.4

0.3

0.2

0.1

=~ .
g or i
1 _
0.1
0.2

-0.3

Fig. 4. Estimated and theoretical conditional quantiles.

1 T T T T T T T T T
. L P I S, . - A °
0.9r . .
"~ LI R - B [3 ki % S VR T
0.8+ % R ' 3 9 b < ~ . ¥ '!." » Pl i
[y N * o ~ 5 t o ;v @ "~ i 3 -
0.71 v N E R ' S A h cH . & 2 &
5 P iy i -~ re s [ XIS - "
0.6 _
’. ta L & - 4 &) P ]
T0.5fF = « ¥ " \ ] " 4
> .
. o S e ¥ v [ S -
0.41 . .7
M w * ¥ Lo H s, o~ at ! 2 & )
o3 * ® ¢ ¥ & w i PO VS TERY S U
q. » [ » [ . 3 | o = ~ » » » L TR
0.2 PO e S ¥ . T A S T " B
0.1 . xoow & -« N - - - I S o I
’ % -~ ¥ 2, L 3 - 3 [ (% (Y .
o 1 " | 1 L 1 1 1 i
[} 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
ucq(i-1)

Fig. 5. Scatter plot of adjacent coded data.

to algorithm (2), and transmitted to the receiving side ishown in Fig. 5, illustrating how the joint distribution of
advance. The transmitted parameters are shown in Fig. 3. Bt#acent values afcg; is close to being uniform in [0, ] At

performance of the compressed estimate,” is presented the receiver side the sequenfecy; } is decoded according to
by its associated conditional quantiles of orders 0.1, 0.3, D) to produce the reviewed sequerfagicq; }. The average

and 0.9, which are plotted together with the theoretical Onggsolute error is given by

in Fig. 4. The data sequence is encoded according to (14) | 2000
and subsequently quantized in 4-b precision to produce the E.; = 3000 Z [u(d) — udeg(i)| = 0.004. (38)
=1

sequence ucg; } of which associated pairsufg;, ucq;—1) are
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Fig. 7. Time history of absolute error during on-line training.

If the original data sequende:; } were to be quantized directly and receiver ends of the line. In the presented example the
in 4-b precision assuming; € [-0.5, 0.5] for all¢, the network parameters are initially set on a rectangular grid in
average absolute error is found to be 0.0156. Consequerjth0.5, 0.5F. Only the parametersaz{’} are adjusted during

6-b precision is required to match the above coding schemmansmission as this was found to produce the best results.
by direct quantization. The second coding scheme suggestdr initial and final parameter settings are shown in Fig. 6.
in the former section requires no network parameters to bbe absolute error is shown slightly smoothened in Fig. 7,
transmitted over the line as network parameters are adjusted! is seen to tend to the average value 0.004 obtained by the
during transmission by identical algorithms in the transmittgreviously presented coding scheme.
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VI. CONCLUSION

[ )
(—o0,d]xB(v, §)

/d)()”
~)an)

/B
(v, 6)
APy (w, y)

A neural network for estimating conditional distributions;, _
and their associated quantiles has been constructed in the
present paper. Although the network is designed on the basis
of kernel estimation of joint probability density functions,
theory has been presented showing the network to be valid
in more general settings, where only a smoothness condition
with regard to the dependence on the explanatory variable, as < )d
well as a very general ergodic property of the training data,
have to be fulfilled. / < -y

The problem of estimating conditional quantiles has been d,d|x B(v, 8)
related to Bayes estimation in the case of a special asymmetric —
loss function feasible for application within a variety of areas /¢< ) wo(w, )
in engineering, as well as science and economics. An example . ~
from the area of time optimal control is briefly discussed. / wlw(d, ¥) - </>< )dP (y)

An application of the presented neural network withing;, — 22 5)
digital signal processing has been suggested. A scheme for < y)
encoding and decoding a sequence of data for optimal channel

) = Pl o] (22
/¢<” y)de(y)
/ 'le'v(dv v) - ¢<U ; y>dP'v(y)
B(v, 6)¢ T
/d)(v . y)clPu(y)
in which the superscriptC” denotes complementary set.
The first termil3 can be further expanded into the following

(43)

(44)

(@5)
2)ar.)

utilization is presented, along with two algorithms for training

the network parameters before and during data transmission.
A numerical example where the neural network is applied [Fowl

to the above coding/decoding scheme is given and results are = B(v.8)

presented for both the two training algorithms. The results are

considered satisfying for the presented example.

- w|b(d v

(46)

APPENDIX
PROOF OF THEOREM 1

5= —

Assumption (27) guarantees weak convergence of empirical
measures toF,,. This yields, according to (30) and [10,
Theorem 29.1]:

Fz;l'v(dv v) = n}g%o F;]T(dv v)

(47)

terms:
/S(d_zl;—i_\/;)'(f)(U y)de,U(w, y) -
= 1 =T +Ti2+T13 (48)
/ ¢<U . y>dev(w7 v) where it is shown in (49)~(51)
(39) T,
Now the following expansion can be made for any> 0, d—w++/r
§ >0, andd > d: - /(d%’oo)”{s( " ) < . )deu(w Y)
T dov) = Fup(d,v) =T+ T+ T3 + T+ T5 (40) /¢<U — y)dev(w, "
where U )
e S<d W ) < )dpm
/d)(U: )deb(w7 y) — /(d, d+8]xR T T (w y)
- “=YVap,,
/ ¢<U r )del,(w y) /d)( r ) (w7 y)
_ (—o0, d]xXR (41) (50)
< y>deb T13
=)o)
S| ———Y— ) =1|-¢[ —= }dPyu(w,
/ ¢< y) wi(w: ) - /(_OO:‘ﬂXR |: < r ¢ T (w, y)
T, = Lcood] ><B(u §° 42)

[

Jo(* )Pt ).

(51)
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Because any distribution function is upper semicontinuous so that

Fu(d+6)— Fu(d) = Pyo[(d, d+ 6] xR] < e = |T12| < €
(52)
for a sufficiently small value ob > 0.
For anyé > 0, r < 62 /4 can be selected to fuffill
S<d —w+ \/7_> B 1
" 1+exp<——d_w+\/;>
,
< 1
1+ exp <_M)
,
1
<75 <¢ forw>d+6
1 + exp <—E>
(53)
and
S<d - w)—i— \/7_> > 1 )
! 1+exp <—£)
r
_ 1
- 1+e —i
XP N
>1l—c¢ forw <d (54)

which all together implieg7};| < e and 733 < e.
The fact thatv by assumption belongs to the supportiéf

implies
o < 362>
Xp )
;476 <e (55)
ol )
for a sufficiently small value of. Now trivially
—y\? &
(” y) >0 orfy—ul2 6 (56)
T T
and
2 2
v—y o 6
< — _
< " ) STz for |y —v| < 5 (57)
Inequalities (55)—(57) together imply
v —
/ </>< , y)dey(w, y)
(—c0,d]x B(v,6)¢ U
5/ ¢<”‘y)deu(w, y)
RxB(v, )¢ r
62
<o (-5) (58)
,
v —
/d)( r )dPLUb(wv y)
> / < y)de
B(v, 6/2)
6
> exp < ) - P, {B )} (59)

— 2
T =
82 6
o (-5) 2 ()
. < 362)
Xp )
:;475 (60)
P,|B =
{5(e2).
by which
|T2| <T§6
IT5| <T <¢ (61)

is obtained for a sufficiently small value of> 0

The distribution functiond”,, and F,,,,(-, v) can have only
a countable number of discontinuities. Also they are upper
semicontinuous. As a consequence a continuity pdint d

of F.(-, v) can be found so that
Fo(d) < Fy(d)+ ¢ (62)
and
Fw|b(cz7 U) < Fw|b (d7 U) te (63)

which implies |73| < ¢
By assumption (299 > 0 can be chosen sufficiently small
to fulfill

Fupo(d ) = Fu(d, o) < forly—v| <6 (64)
so that
|Fw|'u(czv y) - le'v(dv U)|
= |Fw|,v(d, y) — Fw|v(cz, v) + Fw|v(cz, v) — Fypo(d, v)]
<N Fupold, y) = Fup(d, 0)| + [Fupo(d, v) = Fyju(d, v)]
<2-¢ for |y —v| <6 (65)

and consequently7,| < 2 - e.

To prove the theorem first sele¢t> d to fulfill inequalities
(62) and (63). Then choos¢ > 0 to fulfill (52) and (64).
Finally pick 0 < r < §2/4 to fulfill (53), (54), and (61), that
all together imply

|Fo(ds v) = Fypo(d, 0)| <|T1| + |To| + | T3] + [Ta] + |15
<3et+etet+2ete (66)

by which Theorem (1) is finally proved.
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