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Fuzzy Controller for Mechanical Systems
Piotr Kulczycki Member, IEEE

Abstract—in many applications of motion control, the occur- wherez denotes the position of an object ands a bounded
rence of nonlinear friction constitutes a fundamental obstacle in control: either a force or atorque depending on the applications.
the design of satisfactory controlling systems. Since it is seldom The core of the above model is the functiorwhich represents

possible to obtain a relatively accurate model of resistance to mo- . ) . L
tion, a solution more and more often applied in practice is to in- the resistance to motion and is most often related to friction phe-

troduce approaches that incorporate the inevitable imprecisions Nomena that depend predominantly on velocity but, generally,
of the model in the form of uncertainties. This paper deals with also on position and time, e.qg., if there are spring forces and/or

the time-optimal (minimum-time) control for mechanical systems  gravitational effects. This function can be described in the fol-
with a discontinuous and uncertain model of resistance to motion. lowing form, inspired by the physical perspective:

Afuzzy approach is used in the design of suboptimal feedback con-
trollers, convenient in practice thanks to their many advantages .
especiélly in respect toprobustness. Y e h(-) = —w sgnia(?)) @
Index Terms—Fuzzy models, robustness, suboptimal controller, wherew is a nonnegative real number. The sgn mapping de-
time-optimal control. scribes the discontinuous nature—with respect to velocity—of
friction phenomena. In real systems, however, the number
I. INTRODUCTION cannot be sufficiently specified because it represents an overly
] ) o ) dispersed range of physical phenomena. In the present paper,
P ROBLEMS of time-optimal (minimum-time) control have s number will be defined as a fuzzy set. In this situation, such
I been considered since the early introduction of optimizg-5cior takes into account—as a fuzzy uncertainty—the depen-
fuon theory in c_ontrol_ applications. Basic solutions for mechagiance of resistance to motion on a number of factors, e.g., posi-
ical systems with a single degree of freedom are well known aggy, a5 well as velocity or even temperature and disturbances.
can be found in many textbooks (see, e.9., [1, ch. 7.2] or [2, S@§; ts very nature, the above fuzzy approach offers the possi-
8]). However, these solutions rely on an object model, and thiry o describe a complex reality with a precision that exceeds
performance of the obtained control system seems to be Veyssical modeling technigues. Allowing for some discomfort
_sensmve to occurring mismatches and uncertainties. Thereforr&;umng from the uncertainty introduced into the model (note,
in recent years, many authors have taken up such problemsgas ihat the state of the dynamical system starts to be fuzzy,

well as the robust control techniques needed to cope with thegdy one may achieve a characteristic that is essential in modern
(see in particular [3], [4], and also [5]-{7]). A major source Ofpgineering: robustness of the designed control system.
uncertainty in models of mechanical systems is friction, espe-Finally, let

cially dry friction and stiction effects, and various models for

resistance to motion suitable for control purposes have been in-
vestigated (see survey paper [8] or book [9]). However, these
models mostly include many parameters whose actual values
cannot be determined by proper experiments; moreover, they
increase the dimensionality of the object model to such an ex-
tent that the synthesis of useful time-optimal controlling struc- Xjp1 =&+ ()
tures becomes virtually impossible. In the present paper, that

1) [zo,%0]* € R and[zy, yr]* € IR? represent ini-
tial and target states, respectively;

2) W denotes a fuzzy set with a support such that
supgW) C [0, 1);

3) the difference equation

problem has been solved by the introduction of the fuzzy type Vivr =V5 =W sgny) +u “)

of uncertainty to the discontinuous model for resistance to mo- and the initial condition

tion, which has made it possible to propose new types of control Py

structures that take into account the complex nature of friction [ yo} = [zo} (5)
0 0

phenomena, without the undue complication of a control law.
Moreover, such a concept also considers the perturbations and  describe the dynamics of a system with the fuzzy state
noise naturally occurring in the system. [X;,Y;]", submitted to the contral; limited to the in-
Thus, the dynamics of single-degree-of-freedom mechanical terval [-1,1].
sion by the differential equation time) feedback controller, whose values directly depend only
. on the valid state of the object, obtained by a real-time mea-
() = h(-) + u(t) D rement ) Y
process.
The foregoing problem has been formulated in a fundamental
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Fig. 1. Time-optimal controller (12) and trajectories in the cgse= 0.

Il. SOME AUXILIARY CONSIDERATIONS

In the following section, an auxiliary task will be investigated.
Let at this point the fuzzy sét’ be reduced to the real number

w. Due to Assumption 2 € [0, 1).

Suppose thafr, , v, ]T and[z_,y_]T are unique solutions
[10] of the ordinary differential equation related then to syster

(3-4)

&(t) =y(t) (6)
u(t) — w sgn(y(t)) (1)

with the condition[z,(0), v, (O)]T = [z_(0),y_(0)]* =

[z7,yr]T, defined on the interval—oc,0], and generated

by the controlu = +1 or v = —1, respectively. Moreover,
consider
Ky ={ey(t), 5], fort < 0} ®)
K- ={lz_(t),y-(t)]", fort < 0} )

\\/

ii:>m
<

Fig. 2. Time-optimal controller (12) and trajectories in the cgse# 0.
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Fig. 3. Trajectories foit’ > w in the caseyr = 0.
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In the time-optimal feedback controller equations, i.e.,

therefore, these are the sets of all states which can be brought(12), the parametew intervenes, because it influences

to the targetxs, y|* by the controlv = +1 oru = —1,
respectively. Also let

Ry = { 5 such that there exists

a;* € K withz > a:*} (10)
R_= { ?j such that there exists

a:y* € K withz < a:*} (11)

whereK = K_ U {[zr,yr]'} U K,. The time-optimal
control is then expressed by the following [11]:

u(t) = ur(2(t), y(t))

—1, if [e(t). y(O] € (R U K_)
=30, it 2O).yO]" € {fwr.yr]®)  (12)
+1, i (8 w8 € (Ry U K)

and the sef{ constitutes a switching curve (Figs. 1 and 2).

the form of the trajectorie$r,,y.]", [z_,y_]* and, there-
fore, also the shape of the switching curk& In the fuzzy
system, however, its value is of course not uniquely defined.
The analysis of the system’s sensitivity to the value of that
parameter [11], which is briefly presented below, will then
be of great importance. Thus, the value of the parameter
occurring in the object is still denoted as however, the value
used in feedback controller equations will be markeditiy
therefore, the paramet#l’ can be interpreted as an (uncertain)
knowledge about the parameterneeded for the purpose of
the synthesis of the feedback controller.

The case where the second coordinate of the target state is
equal to zero, i.e., witlhr = 0, will be considered first.

If W = w, the control is time-optimal (Fig. 1). The state of
the system is brought to the switching curve, and being perma-
nently included in this curve hereafter, it reaches the target in a
minimal and finite time.

The trajectory representative fé > w is shown in Fig. 3.

As a result of its having oscillations around the target, over-
regulations occur in the system. The target is reached in a finite
time.
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Fig. 4. Trajectories folV < w in the caseg/r = 0. Fig. 5. Trajectories foi’” > w in the caseyr # 0.

Fig. 4 shows, however, the trajectories that are representat
whenW < w. After the switching curve is crossed, sliding
trajectories [12] appear in the system. Here, too, the target
reached in a finite time.

In both of the last two cases, i.e., with # w, the time to
reach the target increases from the optimal more or less prop
tionally to the difference between the valudsandw.

The remaining casgr # 0 will be presented now. Let, in
particular,yz > 0; investigations foryr < 0 can be made f\ trajectories
analogously. \\

If W = w, the control is time-optimal (see again Fig. 2), ant
the considerations are identical as beforegfpr= 0. \\

WhenW > w, the trajectories occurring in the system creat t K¢
a limit cycle; the target is not reached (see Fig. 5).

Finally, for W < w (Fig. 6) only some of the trajectories
(marked on Fig. 6 with arrows) reach the target in a finite timé&ig. 6. Trajectories ot} < w in the casejr # 0.

Other trajectories attain only the end pding, yz]*, which is

the intersection of the axis and the switching curve; the statereal numberz, and the decisiod has been made. Denote by
does not then reach the target. Sliding trajectories occur on thgD — R U {+co} the minimax loss function

switching curve.

Y;

i sliding
/,S} trajectories
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Im(d) = sup  I(d,z). (14)
zEsupp(Z
lll. SUBOPTIMAL FEEDBACK CONTROLLER FOR AFUZzY courp(2)
SYSTEM If additionally for everyd € D the integral {(d, 2)uz(z) dz
In this section, the fuzzy system (3)—(5), which is the subjegfe(:cisri’dsggpose alsothe Bayes loss fundjol — IRU{+o0}

of the present paper, will be considered. The parametattro-
duced in the previous section, happens to be a fuz2y/setthe ly(d) = / Ud, )z () dz. (15)
problem worked out here. A fuzzy set naturally cannot be used ’
directly to define a control in a real system. For this reason, sorE
elements of fuzzy decision theory [13] will be used. Its aim is
to make the optimal selection of one element from all possible Ln(dp) = inf 1 (d) (16)
decisions on the basis of a membership function. b

Let the following be given: a fuzzy set (with the member- s cajied a minimax decision and, analogously, every element
ship functioniz: IR — [0, o0)) representing the state of reahty,db ¢ D such that
a nonempty seb of possible decisions, and a loss function

e
very elementl,, € D such that

lb(db) = inf lb(d) (17)
LDxR—R U {£c0} (13) b
is called a Bayes decision. The procedures for obtaining these
where the valuedd, ~) can be interpreted as losses occurringlements are said to be minimax and Bayes rules, respectively.
in the hypothetical case when the fuzzy ets reduced to the The main difference between the above rules appears in their
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interpretation. This results directly from the forms of the func- (W) )
tionsl,,, andl,: the “pessimistic” minimax rule assumes the oc- Hap(W) =;K(ﬂi¥*)
currence of the most unfavorable state of reality and counteracts 4
it, while the Bayes rule is more flexible.

In the problem of a time-optimal control investigated here,
the parameteW € D C [0,1) used in the feedback controller 31
equations will be treated as a decision, and the nurberc-
curring in system (3-4), as the fuzzy state of reality. The loss
function (13) is defined fofW,w) € D x IR, and its values
are related to the time to reach the target, if in the feedback con-
troller equations the parametdr was used, while hypotheti-
cally in the object the value is occurring.

Once again the casgr = 0 will be considered first. The
following suggestions for the determination of the value of the
parameteit result from the analysis of the auxiliary problem 0.2
presented in the previous section.

If overregu]atlons can be allowed, it is Wor.thWh'Ie using thEig. 7. Membership function:,y, specified using the kernel estimators
Bayes rule with real values for the loss function. Such a choigghnique [14], for experimentally obtained values of resistance to motion
is possible because the determination of the parani@tealue w1, ws, - - -, ws; (K — Gauss curve with restricted “tails}j’ = 0.08).
that is either less than, equal to, or greater thaallows the
system state to be brought to the target in a finite time. (Howalues of the loss function. Both overly small and overly large
ever, this time increases approximately proportionally to the difalues of this parameter are acceptable, because this allows the
ference between the valu#éig andw.) state to be brought to the parts defined by the paramétgrs

If overregulations are not allowed, this determination shoulthdWW>, which can be successfully determined as shown above.
be carried out on the basis of the minimax rule, assuming infinite Suppose, as an example, that the fuzzy/gdtas the support
values of the loss function fd# > w. This enables the over- of the form suppW) = [w.,w*] C [0,1), and moreover let
regulations to be avoided, because they occur orlly it> w.  its membership functiopyy, be continuous and positive in the

Let nowyr # 0. The caseyr > 0 will be considered; the interval (w., w*). (The exemplary membership function, spec-
investigations foryr < 0 are analogous. ified using the kernel estimators technique [14], for experimen-

The conditionW = w is impossible to obtain in practice. tally obtained values of resistance to motion is shown in Fig. 7;
However, the determination of a parametBrvalue that is ei- for the sake of clarity, the basic form with only six independent
ther greater or less than precludes reaching the target frommeasurements has been used.) The loss function (13) will be de-
any initial state, because of the occurrence of the cycle (Fig. ribed by the following:
or the existence of the end point (Fig. 6). In the proposed feed-
back controller, the switching curv€ will be divided into three (W, w) = {
parts. The division points are the target and the point of intersec-
tion with the axisz. For every part, there will be differently de-
termined values of the parametéf, which for particular parts
are defined in the following al/;, W5, andWs.

The value of the parameté#y, i.e., the one that defined [0, w*].

the part of the switching curvé&’_, which meansi( for y € With the fixed value of the parameté¥’, from the defini-

,[yT’ °0) (se(_a a!sq F_ig. 9), should be determin.ed using the miﬁ()ns of minimax and Bayes loss functions (14) and (15), the
imax rule with infinite values of the loss function fo¥" > w. following results, respectively:

This choice is made in order to avoid the generation of a limit

W

1]
wW* 0,4

—p(W —w) W —-w<0

gW —w) fW—-w>0 (18)

wherep, ¢ € Ry U {oo}, but only one of them can be infinite;
in this case, leto - 0 = 0.
According to the above assumptions, it is accepted that

cycle, which appears when the value of the paramBteris L (W) = max({—p(W — w*), q(W —w,)})  (19)
greater thanw. If, however, this value is smaller than, the W '
state of the system is brought to the target in a finite time. L(W) = / g(W — w)pw(w) dw

For the determination of the value of the paramétés .
defining the partiky for y € [0,yr], it is necessary to apply [
the minimax rule with infinite values of the loss function
for W < w. This is because an overly large value of th . . -
paramete#¥, allows the state to be brought to the part define fzz h: ;’O ﬂ;_enlfrom (tlhg) I ‘;g”. be d?tergwt;ned that the infimum
by the parametei;, which, as was demonstrated above, cafi the tunctioniz, on the selLr1s realized by

. p(W — w)pw(w) dw. (20)

be successfully determined. An overly small one, however, W = w* 1)
causes the occurrence of the end point, whose existence is not
admissible from the point of view of utility. and if¢ = oo, then this infimum is assumed for

Finally, the value of the paramet#r; defining the part
for y € (—o0, 0) can be obtained using the Bayes rule with real W = w,. (22)
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The valued¥ indicated by (21) and (22) constitute the desire: Y,
minimax decision with infinite values of the loss function for
W < wandW > w, respectively.

With real positive valueg andq, however, the functiot, is

differentiable in the intervatw, , w*); therefore, one obtains R
w w b \ X
) =p [ty ot [y e @3
as well as R.
L (W) = (p+ Qpw(w). (24) K,

Using (23), the equivalence of the following conditions can b

proved by elementary transformations:
Fig. 8. Fuzzy feedback controller (30) and trajectories in the gase 0.

»(W) =0 (25)

[ =2 [ oty @9 N> .
” . b

Equation (24) implies that the functidfi is positive in the set

(w.,w*); therefore, the functiol, is here strictly convex. Be- KW

caused < (p/p+q) < 1, (26), equivalent to condition (25), <
is fulfilled only at one point; at this point, then, the functifn

assumes its minimum, global in the €8t = [w,,w*] due to L

the continuity of this function at the points, andw*. Finally, {

the valueW that fulfills condition (26) constitutes the desired R,

Bayes decision with real values of the loss function. To obtait
this value one can use the kernel estimators technique, accordi K W)
to the algorithm presented in papers [15], [16]. Finally, the proo
of condition (26), omitting the assumption of the continuity of
the membership functiop,y, is found in article [16]. Fig. 9. Fuzzy feedback controller (30) and trajectories in the gasg 0.
To summarize, in accordance with the considerations stated . o

before, if the values of the parameté¥sor Wy, W, W5 should (11)- For the sets , K, B, K obtained in this way, the
be determined due to the minimax rule with infinite values of thealue of the control is simply defined by

loss function forW < w or W > w or the Bayes rule with —1, if [z;,y]Y € (R_ U K_)

real values of this function, then they can be obtained from (21), u; =140 ’ if [xj,’yj,]T c {[x_T yT]T; (30)
R J b NKER-¥] b

(22), or (26), respectively. +1, if [z;,y;]T € (Ry U K4)

If one possesses the obtained valtiéor Wi, W, W3, the
feedback controller equations can be calculated. Thus, the equbere[z;, ;]* means the object state, obtained by a real-time
tions of the switching curvé’ take on the form measurement process in the momgnFigs. 8 and 9 provide
an illustration of the control structure worked out here with the

y? — trajectories it generates.
=y Iy +ar fory € [yr,o0) (27)  The control designed above may lead to chattering, i.e.,
5 5 ' frequent switchings between the two values and—1 along
= % +arp fory € 0,yr] (28) sliding trajectories. In mechanical systems, such a phenomena
2(1 - Wy) can have a negative impact on the actuator life and excite
2 2 . . . . L . .
_ Y Yr vibrations in elastic transmissions, hence, it should be avoided.
x - +axr fory e (—oo,0]

C2(1-W3)  2(1 - W) Under the assumption that the control may take any value in

(29) the interval[—1, 1], this goal can be obtained by substituting a
modified control law, rendered continuous instead of discon-

in the caseyr > 0. [(27) defines the sek_, while dependen- tinuous (30).

cies (28) and (29), the séf. .] Foryr < 0, the equations are  As before, the casgr = 0 will be considered first. Initially,

analogous. Ifyr = 0, one should substitute, in (27) and (29)the next parametdd/™ can be introduced, in addition to the

W = W; = W3 (dependence (28) has no meaning here). Tenstani? used so far, with the conditiorl < W~ < W.

setsR_ and R, constitute adequate areas resulting from tHeet also, beside the sefs_ and K defined by (8) and (9)

section of the plan&? by the curvek, according to (10) and for the parametetv (or more preciselyi¥’), similar setsk ™
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Fig. 10. Fuzzy feedback controller (35) and trajectories in the gase 0.

and K7 be given for the constait” (see Fig. 10). Defining
moreover

Q_= {[ﬂ such that there exist%z } € K~ and
{xy } € K_witha* <z < x} (31)
T Lt
Q+ = {[y} such that there emst% y } € K, and
{xy } € K7 with * < = < a:} (32)

where@ = Q_ U {[zr,yr|'} U Q,, and slightly altering
(10) and (11) to

Ry = { 5 € IR*\Q such that there exists

”“"y € Qwithz < a:} (33)
R_= { ?j € IR*\Q such that there exists

”; € Qwith = > a:} (34)

—1, if [xj,yj]T € R_
—2(—xj,—y;), i [z,4]" € Q-
u; =<0, if [z;,95]" € {[zr,yr]"} (35)
2(2, ;) if [z, 9;]" € Q4
+1, if [z, ;1" € Ry

with the functionz: IR? — IR continuously and strictly in-
creasing from the value 1 on the setd{™ and X to the value

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 8, NO. 5, OCTOBER 2000

KI(Wr) Q

;

K.(W)

R+ %

Fig. 11. Fuzzy feedback controller (35) and trajectories in the gasg 0.

N

And now, the second cage # 0 will be worked out. As pre-
viously, in addition to the parametelg;, W3 defined earlier,
two further constant$V;*, W3 must be determined heuristi-
cally according to the delay in the system, subject to the con-
ditons -1 < W7¥ < Wi,—-1 < W35 < Ws. The con-
cept introduced in the preceding paragraph, expressed by (35),
should be applied here twice in a natural way. An illustration of
the control structure such obtained, along with the trajectories
it generates, is provided in Fig. 11.

IV. SIMULATION RESULTS

The correct functioning of the suboptimal structures de-
scribed in this paper has been verified by numerical simulations.
The object was a single-degree-of-freedom mechanical system
(1) with the discontinuous model of resistance to motion given
in the form of the so-called Stribeck curve [19], obtained
experimentally from a metallurgic reversing mill. Random
components with expectation values 2—10% of proper averages
were added to the particular quantities, representing perturba-
tions and noise occurring in the system.

Typical results obtained for control structures (30) and (35)
worked out in this paper are shown in Figs. 8-11. If itis assumed
that over-regulations are undesirable, then they did not occur in
the controlled object, though the times to reach the target set
were then greater than those obtained without this limit. In con-
clusion, it should be strongly emphasized that the control struc-
tures presented in this paper turn out to be only slightly sensitive
to the inaccuracy resulting from identification and the occur-
rence of perturbations. Such robustness should be emphasized
as a very valuable property of uncertain, especially fuzzy, con-
trol systems.

Table | contains a comparison of the times obtained using
feedback controllers (30), (35) designed in this paper, classical
sliding mode control [18], and a friction compensation system

1 on the setd(_ and K7. A suitable value for the parameter(similar to that presented in [19] for an inverted pendulum).
W™ can be determined heuristically; in general, the differende shortest times were obtained using structure (30). The re-
W — W~ should be proportional to the delay in the systensults obtained by continuated structure (35) were comparable,

The trajectories generated by control (35) are shown in Fig.

flibugh 1-3% worse. Finally, the times to reach the target set for

for y7 = 0. Thus, control law (35) constitutes the continuatethe sliding mode control were 5-10% greater, which seems ob-

variant of control (30), which is of the “bang-bang” type.

vious due to the lack of optimal selection of parameter values.
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TIMES TO REACH THE TARGET SET, OBTAINED USING FEEDBACK CONTROTLTEIL_SE(:?)(I)), (35), SIDING MODE CONTROL, AND FRICTION COMPENSATION SYSTEM
Initial and target states Feedback Feedback Sliding Friction
controller controller mode compen-
[x. 21" . 1 30) (35) control sation
[2,01" [0,01" 2.89 (0% 2.93 (+14% || 3.04 +51% | 3.24 (+12.1%)
[5.01 [0,0]" 4.58 (0% 467 +1.99 | 4.99 (+90% | 5.40 (+17.9%)
[10,0]" [0,0] 6.51 (%) 6.68 (+26%) | 7.18 (+10.3%) | 7.48 (+14.9%)
[-5,0]" [2.2]" 4.38 0%) 4.45 (+1.6%) 4.67 (+6.6%) | 4.84 (+10.5%)
[-5.-2]" [2,2]" 6.58 (0% 6.77 (+2.9%) 7.22 (+9.7%) 7.71 (+17.2%)

The least satisfactory results were obtained for the friction corieedback controller equations implies sliding trajectories, while
pensation system, which can be explained by the general diffto small value generates limit cycles. Of course, due to the in-
culties entailed in using such methods for tasks with bounderkase in the dimension of the vector state to three, the switching
control (since, generally speaking, it is necessary here to applyve crosses into the switching surface and the analysis be-
a yet sharper boundary in order to assure a certain reserve tmahes much more complex, but the basic principles remained
will allow for possible compensation of friction; once obtainedinchanged in terms of the fundamental concept presented ear-
practically in this manner, the control values can then be far froier in this paper.
maximal). Once again, let the basis for considerations constitute the fun-
damental system described in Section I. If one transforms (1) to

V. SUMMARY AND FINAL REMARKS the form

This paper has dealt with the problem of time-optimal control JE(t) + Ba(t) = h(-) + u(t) (37)

for single-degree-of-freedom mechanical systems with the dis-

continuous and uncertain model of resistance to motion. A fuzJ}EN one obtains the well-known model of a DC motor with
friction modeli and the constant® describing viscous

approach has been used in the design of discrete-time cont ) ) e
mping as well ag representing the momentum of inertia (for

laws (30) and (35), in discontinuous and continuous versiors, : , ) . )
respectively. the engineering basics and interpretation, see, e.g., [2, sec. 36]
d [21]). Here, too, by treating the parametBrand./ as the

As mentioned in Section |, the problem worked out here h <% and.7. th din thi b
been formulated in a fundamental version in order to assure tHé%Y setsB and.7, the concept presented in this paper can be

clarity of the investigations. However, the material present&§neralized for purposes of synthesizing the time-optimal con-

here allows for the easy introduction of generalizations to forni®!: in @ccordance with the scheme presented in the previous
that are frequently used in engineering applications. section. Here, also, the occurrence of sliding trajectories and

First, letu, introduced in (1), mean the momentum obtainellHT"]f cy(;:kl)es LS deper;ldent on the Va!:_"ﬁ o;;?ose parameteri use]:j
from the drive, which is treated here as a inertial element witA '€€dPac controller equations. The di erences are rat ero
the constant’. i.e. a technical nature, e.g., the shapes of trajectories are variable,

R which naturally implies a different type of formulas (27)—(29).
] 1 Finally, the concept presented here can be used in a sim-
WT) = —ult) +u(t) (36) ilar fashion for many other models of mechanical systems fre-
quently encountered in engineering applications.
and subsequently letbe a bounded control (for the engineering
basics and interpretation, see, e.g., [1, ch. 7.4] and [20]). If the REFERENCES
number?’is treated as the fuzzy sét, the cpncept of the Teed' [1] M. Athans and P. L. FallQptimal Control New York: McGraw-Hill,
back controller presented here can easily be generalized to a 1966. _ _
system constructed in this way. An analysis of sensitivity to the[2] W. G. Boltianski,Mathematical Methods of Optimal Control Mos-
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