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Abstract

We consider linguistic data(base) summaries in the sense of Yager [Information Sci-
ences 28 (1982) 69-86], exemplified by “most employees are young and well paid” (with
some degree of truth added), for a personnel database, as an intuitive, human consistent
and natural language based knowledge discovery tool. We present first an extension of
the classic Yager’s approach to involve more sophisticated criteria of goodness, search
methods, etc. We advocate the use of the concept of a protoform (prototypical form),
that is recently vividly advocated by Zadeh [A prototype-centered approach to adding
deduction capabilities to search engines—the concept of a protoform. BISC Seminar,
University of California, Berkeley, 2002], as a general form of a linguistic data sum-
mary. We present an extension of our interactive approach, based on fuzzy logic and
fuzzy database queries, which makes it possible to implement such linguistic data sum-
maries. We show how fuzzy queries are related to linguistic summaries, and show that
one can introduce a hierarchy of protoforms, or abstract summaries in the sense of latest

* Corresponding author at: Systems Research Institute, Polish Academy of Sciences, ul.
Newelska 6, 01-447 Warsaw, Poland. Tel.: +48 22 836 44 14 01 447; fax: +48 22 837 27 72.
E-mail  addresses: kacprzyk@ibspan.waw.pl (J. Kacprzyk), zadrozny@ibspan.waw.pl
(S. Zadrozny).

0020-0255/$ - see front matter © 2005 Published by Elsevier Inc.
doi:10.1016/5.ins.2005.03.002


mailto:kacprzyk@ibspan.waw.pl
mailto:zadrozny@ibspan.waw.pl

282 J. Kacprzyk, S. Zadrozny | Information Sciences 173 (2005) 281-304

Zadeh’s [A prototype-centered approach to adding deduction capabilities to search
engines—the concept of a protoform. BISC Seminar, University of California, Berkeley,
2002] ideas meant mainly for increasing deduction capabilities of search engines. For
illustration we show an implementation for a sales database in a computer retailer,
employing some type of a protoform of a linguistic summary.

© 2005 Published by Elsevier Inc.

Keywords: Fuzzy logic; Computing with words and perceptions; Protoform; Data mining; Ling-
uistic summarization

1. Introduction

The recent growth of Information Technology (IT) has implied, among oth-
ers, the availability of a huge amount of data (from diverse, often remote
sources, notably databases). Unfortunately, the raw data alone are often not
useful and do not provide “knowledge”. More important are relevant, non-
trivial dependencies which are encoded in those data. Unfortunately, they
are usually hidden, and their discovery is not a trivial act that requires some
intelligence.

Data summarization is one of basic capabilities that is now needed by any
“intelligent” system that is meant to operate in real life. Basically, due to the
availability of relatively cheap and efficient hardware and software tools, we
usually face an abundance of data that is beyond human cognitive and compre-
hension skills.

Since for a human being the only fully natural means of communication is
natural language, a linguistic (for instance, by a sentence or a small number of
sentences in a natural language) summarization of a set of data would be very
desirable and human consistent. For instance, having a data set on employees,
a statement (linguistic summary) like “almost all younger and well qualified
employees are well paid” would be useful and human consistent.

This may clearly be an instance of a paradigm shift that is advocated in re-
cent time the essence of which is to use natural language to represent values,
relations, etc. characterizing some system or situation. This promises human
consistency and simplicity though may be at the expense of precision. This
trend has become more and more pronounced recently, and a most prominent
example is the so-called “computing with words (and perceptions) paradigm”
introduced by Zadeh in the mid-1990s, and extensively presented in Zadeh and
Kacprzyk’s [55] books.

Unfortunately, data summarization is still in general unsolved a problem in
spite of vast research efforts. Very many techniques are available but they are
not “intelligent enough”, and not human consistent, partly due to a little use of
natural language. This concerns, e.g., summarizing statistics, exemplified by the
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average, median, minimum, maximum, o-percentile, etc. which—in spite of
recent efforts to soften them—are still far from being able to reflect a real
human perception of their essence.

In this paper we will show the use of linguistic database summaries intro-
duced by Yager [44,46-48], and then considerably advanced by Kacprzyk
[12], Kacprzyk and Yager [15], and Kacprzyk et al. [16,17], Zadrozny and
Kacprzyk [56], and implemented in Kacprzyk and Zadrozny [21,23-33]. We
will derive linguistic data summaries as linguistically quantified propositions
as, e.g., “most of the employees are young and well paid”, with a degree of
validity (truth, ...), in case of a personnel database.

We follow Yager’s [44,46] idea, and present its implementation, mainly using
Kacprzyk and Yager [15], and Kacprzyk et al. [16,17] extensions. Basically, we
advocate that the degree of truth (or, more generally, validity) originally pro-
posed by Yager [44] is not sufficient, and other validity (quality) indicators
should be added. We mention George and Srikanth’s [9] solution in which a
compromise between the specificity and generality of a summary is sought,
and then present some extension of Kacprzyk and Strykowski’s [14] approach
in which a weighted sum of five quality indicators is employed that was pro-
posed by Kacprzyk and Yager [15], and Kacprzyk et al. [16,17].

It should be noted that we do not consider in this paper some other ap-
proaches to the linguistic summarization of databases (data sets) that are based
on a different philosophy, exemplified by works by Bosc et al. [4], Dubois and
Prade [8], Raschia and Mouaddib [39] or Rassmussen and Yager [40-43]. Nor
we consider some other related techniques exemplified by the mining of fuzzy
association rules (cf. Chen et al. [5], Chen and Wei [6], Chen et al. [7], Hu et al.
[11], Lee and Lee-Kwang [36]), even in the context of linguistic summaries (cf.
Kacprzyk and Zadrozny [30,33]). Of course, our approach is specific and is just
one of possible approaches to data mining and knowledge discovery. The inter-
ested reader can find much information on this topic in numerous papers and
books, and a notable, very rich and comprehensive source is Kluwer’s journal
“Data Mining and Knowledge Discovery” (cf. www.kluweronline.com).

We employ Kacprzyk and Zadrozny’s [21,23-26,29] idea of an interactive
approach to linguistic summaries in which the determination of a class of sum-
maries of interest is done via Kacprzyk and Zadrozny’s [18-20,28] FQUERY
for access, a fuzzy querying add-on to access, extended to the querying over
the Internet in Kacprzyk and Zadrozny [24]. The line of reasoning is that since
a fully automatic generation of linguistic summaries is not feasible at present,
an interaction with the user is assumed for the determination of a class of sum-
maries of interest, and this is done via the above Kacprzyk and Zadrozny’s
fuzzy querying add-on to Microsoft Access.

It should be noted that we use here our approach to fuzzy querying though
there are other powerful and efficient approaches that can easily be found in
the literature (cf. Kacprzyk et al. [13] for a review).
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Extending our suggestion given in Kacprzyk and Zadrozny [32], we show
that by relating various types of linguistic summaries to fuzzy queries, with var-
ious known and sought elements, we can arrive at a hierarchy of prototypical
forms, or—in Zadeh’s [53] terminology—protoforms, of linguistic data sum-
maries. This seems to be a very powerful conceptual idea in particular in view
of recent Zadeh’s numerous remarks that protoforms are crucial for the
formalization of human consistent reasoning, deduction capabilities of search
engines, etc.

We present an implementation of the proposed approach to the derivation
of linguistic summaries for a sales database of a computer retailer. We show
that the linguistic summaries obtained may be very useful for supporting deci-
sion making by the owner related to some relevant aspects of business func-
tioning and running. On the other hand, this implementation may be viewed
as a step towards the implementation of protoforms of linguistic summaries.
We extend the results by Kacprzyk and Strykowski [14], Kacprzyk et al.
[17], etc. by including data from outside sources fetched via the Internet.

2. Linguistic summaries using fuzzy logic with linguistic quantifiers

Here we will briefly present the basic Yager’s [44] approach to the linguistic
summarization of sets of data (databases). This will provide a point of depar-
ture for our further analysis of more complicated and realistic summaries.

In Yager’s [44] approach, we have (we use here the source terminology):

e J/is a quality (attribute) of interest, e.g. salary in a database of workers,

e Y={y,...,y,} is a set of objects (records) that manifest quality V, e.g. the
set of workers; hence V(y,) are values of quality V for object y,,

e D={V(n),..., V(y,)} is a set of data (the “database’’ on question).

A linguistic summary of a data set consists of:

e a summarizer S (e.g. young),
e a quantity in agreement Q (e.g. most),
e truth 7—e.g. 0.7,

as, e.g., ‘T (most of employees are young) = 0.7”. The truth 7'may be meant in
a more general sense, e.g. as validity of, even more generally, as some quality or
goodness of a linguistic summary.

Basically, given a set of data D, we can hypothetize any appropriate summa-
rizer S and any quantity in agreement Q, and the assumed measure of truth will
indicate the truth of the statement that Q data items satisfy the statement (sum-
marizer) S.
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Notice that we consider here some specific, basic form of a linguistic sum-
mary. We do not consider other forms of summaries exemplified by “over
70% of employees are under 35 years of age” that may be viewed to provide
similar information as ““‘most of employees are young” because the latter are
clearly outside of the class of linguistic summaries considered. Notice also that
we discuss here the linguistic summarization of sets of numeric values only.
One can clearly imagine the linguistic summarization of symbolic attributes
but this relevant problem is outside of the scope of this paper.

First, we should comment on the form of the basic elements of the summary, i.e.
the summarizer, quantity in agreement, and how to calculate the degree of truth.

2.1. On the form of the summarizer

Since the only fully natural and human consistent means of communication
for the humans is natural language, then we assume that the summarizer S'is a
linguistic expression semantically represented by a fuzzy set. For instance, in
our example a summarizer like “young’ would be represented as a fuzzy set
in the universe of discourse as, e.g., {1,2,...,90}, i.e., containing possible val-
ues of the human age, and “young” could be given as, e.g., a fuzzy set with a
non-increasing membership function in that universe such that, in a simple case
of a piece-wise linear membership function, the age up to 35 years is for sure
“young”, i.e. the grade of membership is equal to 1, the age over 50 years is
for sure “not young”, i.e. the grade of membership is equal to 0, and for the
ages between 35 and 50 years the grades of membership are between 1 and
0, the higher the age the lower its corresponding grade of membership. Clearly,
the meaning of the summarizer, i.e. its corresponding fuzzy set is in practice
subjective, and may be either predefined or elicited from the user (we will com-
ment on this later on while describing the system implemented).

Such a simple one-attribute-related summarizer exemplified by “young”
does well serve the purpose of introducing the concept of a linguistic summary,
hence it was assumed by Yager [44]. However, it is of a lesser practical rele-
vance. It can be extended for some confluence of attribute values as, e.g,
“young and well paid’, and then to more complicated combinations.

Clearly, when we try to linguistically summarize data, the most interesting
are non-trivial, iuman consistent summarizers (concepts) as, e.g.:

o productive workers,
o stimulating work environment,
o difficult orders, etc.

involving complicated combinations of attributes, e.g., a hierarchy (not all attri-
butes are of the same importance), the attribute values are ANDed and/or
ORed, k out of n, most, etc. of them should be accounted for, etc.



286 J. Kacprzyk, S. Zadrozny | Information Sciences 173 (2005) 281-304

The generation and processing of such non-trivial summarizers needs some
specific tools and techniques to be discussed later.

2.2. On the form of the quantity in agreement

The quantity in agreement, Q, is a proposed indication of the extent to
which the data satisfy the summary. Once again, a precise indication is not
human consistent, and a linguistic term represented by a fuzzy set is employed.

Basically, two types of such a linguistic quantity in agreement can be used:

e absolute as, e.g., “about 5, “more or less 100, “several”, and

LTS LE Y3

e relative as, e.g., “a few”, “more or less a half”’, “most”, “almost all”, etc.

Notice that the above linguistic expressions are the so-called fuzzy linguistic
quantifiers (cf. Zadeh [51,52]) that can be handled by fuzzy logic.

As for the fuzzy summarizer, also in case of a fuzzy quantity in agreement,
its form is subjective, and can be either predefined or elicited from the user.

2.3. Calculation of the truth of a linguistic summary

Basically, the calculation of the truth (or, more generally, validity or even
quality; but, we will assume the case of truth, for simplicity) of the basic type
of a linguistic summary considered in this section is equivalent to the calculation
of the truth value (from the unit interval) of a linguistically quantified statement
(e.g., “most of the employees are young’). This may be done by two most rele-
vant techniques using either Zadeh’s [51] calculus of linguistically quantified
statements (cf. Zadeh and Kacprzyk [55]) or Yager’s [45] OWA operators
(cf. Yager and Kacprzyk [49]); for a survey, see also Liu and Kerre [37].

A linguistically quantified proposition, exemplified by “most experts are
convinced”, is written as “Qy’s are F”” where Q is a linguistic quantifier (e.g.,
most), Y= {y} is a set of objects (e.g., experts), and F'is a property (e.g., con-
vinced). Importance B may be added yielding “QBy’s are F”’, e.g., “most (Q) of
the important (B) experts (’s) are convinced (F)”. The problem is to find truth
(Qy’s are F) or truth (QBy’s are F), respectively, knowing truth (yis F), Vy € Y
which is done here using Zadeh’s [x] fuzzy-logic-based calculus of linguistically
quantified propositions.

Property F and importance B are fuzzy sets in Y, and a (proportional, non-
decreasing) linguistic quantifier Q is assumed to be a fuzzy set in [0, 1] as, e.g.

1 forx > 0.8

fo(x) =49 2x—0.6 for 0.3 <x <08 (1)
0 for x < 0.3
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Then, due to Zadeh [51]
1 n
truth(Qy’s are F) = p, [; ZNF( 1)‘| 2)

n

truth(QBy’s are F) = p, [Z(ug(yl ) A b () ZHB(V ] 3)

i=1

An OWA operator (Yager [45]; Yager and Kacprzyk [49]) of dimension p is
a mapping F:[0,1F —[0,1] if associated with F is a weighting vector
W= [wl,...,wp]T, w; € [0,1],w; +---+w,=1, and

F(xi,...,x,) =wby +---w,b,=W'B 4)

where b; is the ith largest element among x,...,x,, B=[b,...,b,].
The OWA weights may be found from the membership function of Q due to
(cf. Yager [45]):

_fupli) —poli=1) fori=1,....p
" {HQ(O) for i=0 )

The OWA operators can model a wide array of aggregation operators
(including linguistic quantifiers), from w; =---=w,_; =0 and w, =1 which
corresponds to “all”’, to w; =1 and w, =---=w, =0 which corresponds to
“at least one”’, through all intermediate situations.

An important issue is related with the OWA operators for importance qual-
ified data. Suppose that we have 4 =[ay,...,q,], and a vector of importances
V=1[vi,...,v,] such that v;€[0,1] is the importance of a; i=1,...p,
vy +---+0v,=1. The case of an ordered weighted averaging operator with
importance qualification, denoted OWA ; is not trivial. In Yager’s [45] approach
to be used here, which seems to be highly plausible (though is sometimes crit-
icized), some redefinition of the OWA’s weights w,’s into w;’s is performed, and
(4) becomes

Fi(x1,...,X,) = Wibj + -+ w,b, = W B (6)

=) () »

where uy, is the importance of by, i.e. the k-largest element of A (i.e. the corre-
sponding vy).

The OWA operators offer a wide array of means for aggregation based on
various quantifiers, both crisp and fuzzy, though they may lead to somewhat

where
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more complicated calculation formulas which can be of relevance in case of
summarizing large databases. In the implementation presented later the user
may choose between the OWA based calculations or the classic Zadeh’s
calculus.

3. Some other validity criteria

The basic validity criterion, i.e. the truth of a linguistically quantified state-
ment given by (2) and (3), is certainly the most important in the general frame-
work assumed. However, it does not grasp all aspects of a linguistic summary.
Some attempts at devising other quality (validity) criteria will be briefly surveyed
following Kacprzyk and Yager [15], and extensions given in Kacprzyk, et al. [16].

First, Yager [44] proposed a measure of informativeness that may be sum-
marized as follows. Suppose that we have a data set, whose elements are from
a measurement space X. One can say that the data set itself is its own most
informative description, and any other summary implies a loss of information.
So, a natural question is whether a particular summary is informative, and to
what extent.

It turns out that the degree of truth used so far is not a good measure of
informativeness (cf. Yager [44,46]). Let the summary be characterized by the
triple (S, Q, T), and let a related summary be characterized by the triple
(S, 0°,T) such that S° is the negation of S, i.e. u5(-) = 1 — pg(-), and similarly
1) = 1= ppl().

Then, Yager [44,46] proposed the following measure of informativeness of a
summary

I =T-SP(Q)-SP(S)] V(1 —T)-Sp(Q°)Sp(S°)] (8)
where SP(Q) is the specificity of O given as
b
50) = [ g ©)

where Q, is the a-cut of Q and card(") is the cardinality of the respective set; and
similarly for Q¢, S, S“.

This measure of informativeness results from a very plausible reasoning
which can be found, e.g., in Yager [44,46]. Notice that this reasoning differs
from, e.g., that in Chen et al. [5].

Unfortunately, though the above measure of informativeness is plausible
and a considerable step forward, it is by no means a definite solution. First,
let us briefly mention George and Srikanth’s [9] proposal. Suppose that a lin-
guistic summary of interest involves more than one attribute (e.g., “age”, “‘sal-
ary” and “‘seniority’ in the case of employees). Basically, for the same set of
data, two summaries are generated:
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e a constraint descriptor which is the most specific description (summary) that
fits the largest number of tuples in the relation (database) involving the attri-
butes in question,

o a constituent descriptor which is the description (summary) that fits the larg-
est subset of tuples with the condition that each tuple attribute value takes
on at least a threshold value of membership.

George and Srikanth [9] use these two summaries to derive a fitness function
(goodness of a summary) that is later used for deriving a solution (a best sum-
mary) via a genetic algorithm they employ. This fitness function represents a
compromise between the most specific summary (corresponding to the con-
straint descriptor) and the most general summary (corresponding to the con-
stituent descriptor).

Then, Kacprzyk [12], and Kacprzyk and Strykowski [14] proposed some
additional measures that have been further developed by Kacprzyk and Yager
[15] and Kacprzyk et al. [16].

For convenience of the reader, let us briefly repeat some basic notation. We
have a data set (database) D that concerns some objects (e.g. employees)
Y={y,...,y.} described by some attribute V' (e.g. age) taking on values in
a set X={x;,x,,...}. exemplified by {20,21,...,100} or {very young,
young,. .., old, very old}. Let d; = V(y;) denote the value of attribute V for ob-
ject y;. Therefore, the data set to be summarized is given as a table

D= [dlw s 7dn] = [V(yl)v V()’z)w ) V<yn)} (10)

In a more realistic case the data set is described by more than one attribute,
and let V={V,V,,...,V,,} be a set of such attributes taking values in X;
i=1,...,m; V(y;) denotes the value of attribute V; for object y; and attribute
V’; takes on its values from a set Xj.

The data set to be summarized is therefore:

D= {[Vl(yl)v VZ(yl)a"-an(yl)]a [Vl()b)a VZ(y2)7'~~>Vm(y2)]7"~a
1) Van)s - Vin()]} (11)

In this case of multiple attributes the description (summarizer) S is a family
of fuzzy sets S = {S51,5,,...S,,} where S;€ S is a fuzzy setin X;, i=1,...,m.
Then, us(y;), i=1,2,...,n, may be defined as:

)= i (V (v, 12
ps() = min [ (V5(3) (12)

So, having S, we can calculate the truth value 7 of a summary for any quan-
tity in agreement. However, to find a best summary, we should calculate 7 for
each possible summarizer, and for each record in the database in question. This
computational prohibitive for virtually all non-trivial databases and number of
attributes.
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A natural line of reasoning would be to either to limit the number of attri-
butes of interest or to limit the class of possible summaries by setting a more
specific description by predefining a ““narrower’ description (e.g. very young,
young and well paid, etc. employees). This will limit the search space.

We will deal here with the second option. The user can limit the scope of a
linguistic summary to, e.g., those for which the attribute “age” takes on the
value “young (employees)” only, i.e., to fix the summarizer related to that attri-
bute. That is, this will correspond to the searching of the database using the
query w, equated with the fuzzy set in X, corresponding to “young” related
to attribute V, (i.e. age), i.e. characterized by p,, (). In such a case, us(y;) given
by (12) becomes

ps(v;) = je{rlgi{{m}[us,-(Vj(yi)) At (Vo)) i=1,....n (13)

where “A” is the minimum (or, more generally, a -norm), and then

o 2imks(0r) 14
Z:’:lﬂwg(Vg(yi)) (14
and T = pp(r).

Now, we will present the five new quality measures of quality of linguistic
database summaries introduced, and further developed, in Kacprzyk [12],
Kacprzyk and Strykowski [14], Kacprzyk and Yager [15], and Kacprzyk
et al. [16]:

e a truth value [which basically corresponds to the degree of truth of a linguis-
tically quantified proposition representing the summary given by, e.g., (2) or
3,

a degree of imprecision,

a degree of covering,

a degree of appropriateness,

a length of a summary,

and these degrees will now be formally defined.
For notational simplicity, let us rewrite (13) and (14) as:

ps(r) = _min [ (V00D 0= 1 (15)

and
Sl ) A oy, (Vo (07))]
Z?:ll‘wg(VgO’i))

where, clearly, (15) and (16) are equivalent to (12) and (13) though rewritten in
the form more suitable for our present discussion.

(16)
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The degree of truth, T is the basic validity criterion introduced in the source
Yager’s [44,46] works and commonly employed. It is clearly equal to

T, :,uQ(r) (17)

and (17) results clearly from Zadeh’s [51] calculus of linguistically quantified
propositions.

The degree of imprecision is an obvious and important validity criterion.
Basically, a very imprecise linguistic summary (e.g. on almost all winter days
the temperature is rather cold) has a very high degree of truth yet it is not
useful.

Suppose that description (summarizer) S is given as a family of fuzzy sets
S'={51,82,.. .8, . For a fuzzy set s;, j=1,...,m, we can define its degree of
fuzziness as, e.g.:

card{x € X, : pu, (x) > 0} 8
cardX; (18)

in(s;) =

where card denotes the cardinality of the corresponding (non-fuzzy) set. That
is, the “flatter” the fuzzy set s; the higher the value of in (s;). The degree of
imprecision (fuzziness), 7> of the summary—or, in fact, of S—is then defined
as:

Notice that the degree of imprecision 7> depends on the form of the sum-
mary only and not on the database, that is its calculation does not require
the searching of the database (all its records) which is very important.

The degree of covering, Ts is defined as

il
Ty 2
} Z?:lhi ( 0)
where
. {1 if ug(y,) >0 and H (Ve (1)) > 0
! 0 otherwise

h— { 1if /’tIVg(Vg(y[)) >0
' 0 otherwise

The degree of covering says how many objects in the data set corresponding
to the query w, are “covered” by the particular summary, i.e. to the particular
description S. Its interpretation is simple as, e.g., if it is equal to 0.15, then this
means that 15% of the objects are consistent with the summary in question.
The value of this degree depends clearly on the contents of the database.
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The degree of appropriateness is the most relevant degree of validity. To
present its idea, suppose that the summary containing the description (fuzzy
sets) S =(S1,S,,...,S,,) is partitioned into m partial summaries each of which
encompasses the particular attributes S, S, . . ., S, such that each partial sum-
mary corresponds to one fuzzy value only, then if we denote:

Sivi) = us;(V,(0)) (21)
then

’”j:¥’ j=1...,n (22)
where

i

_ {1 if S;(y;) >0
0 otherwise

and the degree of appropriateness, Ty is defined as:

T, = abs( H rp— T3> (23)

The degree of appropriateness means that, for a database concerning the
employees, if 50% of them are less than 25 years old and 50% are highly qual-
ified, then we may expect that 25% of the employees would be less than 25 years
old and highly qualified; this would correspond to a typical, fully expected sit-
uation. However, if the degree of appropriateness is, e.g., 0.39 (i.e. 39% are less
than 25 years old and highly qualified), then the summary found reflects an
interesting, not fully expected relation in our data. This degree describes there-
fore how characteristic for the particular database the summary found is. T} is
very important because, for instance, a trivial summary like “100 % of sale is of
any articles” has full validity (truth) if we use the traditional degree of truth but
its degree of appropriateness is equal 0 which is correct.

The length of a summary is relevant because a long summary is not easily
comprehensible by the human user. This length, 7s may be defined in various
way, and the below form has proven to be useful:

Ts = 2(0.5%5) (24)

where card S is the number of elements in S.
Now, the (total) degree of validity, 7, of a particular linguistic summary is
defined as the weighted average of the above 5 degrees of validity, i.e.,

T =T(T\, T2, T3, Ta, Ts;wi, wa, W3, Wy, Ws) = Z w;T; (25)
1205



J. Kacprzyk, S. Zadrozny | Information Sciences 173 (2005) 281-304 293

And the problem is to find an optimal summary, S* € S, such that

S = argmax Z w;T; (26)

i=12,...,5

where, wy,. .., ws are weights assigned to the particular degrees of validity, with
values from the unit interval, the higher, the more important such that
Dicip,. Wi =1

The definition of weights, wy,...,ws is a problem in itself, and will not be
dealt with in more detail. The weights can be predefined or elicited from the
user. In the case study presented later on the weights are determined by using
the well-known Saaty’s AHP (analytical hierarchy process) approach that
works well in the problem considered.

4. Fuzzy querying, linguistic summaries, and their protoforms
4.1. Linguistic summaries via fuzzy queries. Protoforms of linguistic summaries

In Kacprzyk and Zadrozny’s [21,29] approach, interactivity, i.e. user assis-
tance, is in the definition of summarizers (indication of attributes and their
combinations). This proceeds via a user interface of a fuzzy querying
add-on. Basically, the queries (referring to summarizers) allowed are:

o simple as, e.g., “salary is high”

e compound as, e.g., “‘salary is low AND age is old”

o compound (with quantifier), as, e.g., “most of {salary is high, age is young, . . .,
training is well above average}.

We will also use “natural” linguistic terms, i.e. (7 * 2!) exemplified by: very
low, low, medium, high, very high, and also “comprehensible” fuzzy linguistic
quantifiers as: most, almost all, . . ., etc.

In Kacprzyk and Zadrozny [18-20,28], a conventional DBMS is used, and a
fuzzy querying tool is developed to allow for queries with fuzzy (linguistic) ele-
ments of the “simple”, “compound” and “compound with quantifier” types.
The main issues are: (1) how to extend the syntax and semantics of the query,
and (2) how to provide an easy way of eliciting and manipulating those terms
by the user.

FQUERY for Access is embedded in the native Access’s environment as an
add-on. All the code and data is put into a database file, a library, installed by
the user. Definitions of attributes, fuzzy values, etc. are maintained in a dictio-
nary (a set of regular tables), and a mechanism for putting them into the query-
by-example (QBE) sheet (grid) is provided. Linguistic terms are represented
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within a query as parameters, and a query transformation is performed to pro-
vide for their proper interpretation during the query execution.

It is obvious that fuzzy queries directly correspond to summarizers in lin-
guistic summaries. Thus, the derivation of a linguistic summary may proceed
in an interactive (user-assisted) way as follows:

o the user formulates a set of linguistic summaries of interest (relevance) using
the fuzzy querying add-on described above,

e the system retrieves records from the database and calculates the validity of
each summary adopted, and

e a most appropriate linguistic summary is chosen.

The use of fuzzy querying is very relevant because we can restate the sum-
marization in the fuzzy querying context. First, (2) may be interpreted as:

Most records match query S (27)

where S replaces F in (2) since we refer here directly to the concept of a sum-
marizer (of course, this should properly understood because S is in fact the
whole condition, e.g., price = high, while S is just the fuzzy value, i.e. high in
this condition; this should not lead to confusion).

Similarly, (3) may be interpreted as:

Most records meeting conditions B match query S (28)

Thus, (27) says something only about a subset of records taken into account
by (26). In database terminology, B corresponds to a filter and (26) claims that
most records passing through B match query S. Moreover, since the filter may
be fuzzy, a record may pass through it to a degree from [0, 1].

It may be noticed that the concept of a protoform in the sense of Zadeh [53]
is highly relevant in this context. First of all, a protoform is defined as an ab-
stract prototype, that is, in our context, for the query (summary) given by (26)
and (27) as follows, respectively:

Most R’s are S (29)

Most BR’s are S (30)

where R means “records”, B is a filter, and S is a query.

Evidently, as protoforms may form a hierarchy, we can define higher level
(more abstract) protoforms, for instance replacing most by a general linguistic
quantifier Q, we obtain, respectively:

OR’s are S (31)

OBR’s are S (32)
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Basically, the more abstract forms correspond to cases in which we assume
less about summaries sought. There are two limit cases, where we: (1) assume
totally abstract protoform or (2) assume all elements of a protoform are given
on the lowest level of abstraction as specific linguistic terms. In case 1 data
summarization will be extremely time-consuming, but may produce interesting,
unexpected view on data. In case 2 the user has to guess a good candidate for-
mula for summarization but the evaluation is fairly simple being equivalent to
the answering of a (fuzzy) query. Thus, the second case refers to the summari-
zation known as ad hoc queries. This may be illustratively shown in Table 1 in
which five basic types of linguistic summaries are shown, corresponding to pro-
toforms of a more and more abstracted form. In Table 1, S5"™"°"*® denotes that
attributes and their connection in a summary are known, while S**!"® denotes a
summarizer sought.

Type 1 may be easily produced by a simple extension of fuzzy querying as in
FQUERY. Basically, the user has to construct a query—candidate summary,
and has to be determined what is the fraction of rows matching this query
and what linguistic quantifier best denotes this fraction. A Type 2 summary
is a straightforward extension of Type 1 by adding a fuzzy filter. Type 3 sum-
maries require much more effort. Their primary goal is to determine typical
(exceptional) values of an attribute. So, query S consists of only one simple
condition built of the attribute whose typical (exceptional) value is sought,
the ““="’ relational operator and a placeholder for the value sought. For exam-
ple, using the following summary in a context of personal data: Q = “most”
and S = “age=?" (here “?”” denotes a placeholder mentioned above) we look
for a typical value of age. A Type 4 summary may produce typical (excep-
tional) values for some, possibly fuzzy, subset of rows. From the computa-
tional point of view. Type 5 summaries represent the most general form
considered here: fuzzy rules describing dependencies between specific values
of particular attributes. Here the use of B is essential, while previously it was
optional. The summaries of Types 1 and 3 have been implemented as an exten-
sion to Kacprzyk and Zadrozny’s [23-26] FQUERY for Access. Two
approaches to Type 5 summaries producing has been proposed. Firstly, a sub-
set of such summaries may be produced exploiting similarities with association

Table 1

Classification of linguistic summaries

Type Given Sought Remarks

1 S (0] Simple summaries through ad-hoc queries

2 S B o Conditional summaries through ad-hoc queries
3 Q Setructure Svatue Simple value oriented summaries

4 Q setructre g Svalue Conditional value oriented summaries

5 Nothing SBQ General fuzzy rules
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rules concept and employing their efficient algorithms. Second, genetic algo-
rithm may be employed to search the summaries’ space. The results of the latter
are briefly presented in the next section.

Notice that the protoforms are a powerful conceptual tool because we can
formulate many different types of linguistic summaries in a uniform way,
and devise a uniform and universal way to handle different linguistic summa-
ries. This is a confirmation of Zadeh’s frequent claims that protoforms are
so powerful.

4.2. A fuzzy querying add-in as a means to implement linguistic summaries
through fuzzy querying

The roots of the approach adopted are our previous papers on the use of
fuzzy logic in querying databases (cf. Kacprzyk and Zitkowski [35], Kacprzyk
et al. [34]) in which we argued that the formulation of a precise query is often
difficult for the end user (see also Kacprzyk et al. [13]). For example, a cus-
tomer of a real-estate agency looking for a house would rather express his or
her criteria using imprecise descriptions as cheap, large garden, etc. Also, to
specify which combination of the criteria fulfillment would be satisfactory,
he or she would often use, e.g., most of them or almost all. All such vague terms
may be relatively easily interpreted using fuzzy logic. This has motivated the
development of the whole family of fuzzy querying interfaces, notably our
FQUERY for Access package described above.

The summaries of Types 1 and 3 mentioned in the previous section have
been implemented as an extension to our FQUERY for Access.

FQUERY for Access is an add-in that makes it possible to use fuzzy terms
in queries. Briefly speaking, the following types of fuzzy terms are available:

o fuzzy values, exemplified by low in “profitability is low™,

o fuzzy relations, exemplified by much greater than in “income is much greater
than spending”, and

e linguistic quantifiers, exemplified by most in “most conditions have to be
met”’.

The elements of the first two types are elementary building blocks of fuzzy
queries in FQUERY for Access. They are meaningful in the context of numer-
ical fields only. There are also other fuzzy constructs allowed which may be
used with scalar fields.

If a field is to be used in a query in connection with a fuzzy value, it has to be
defined as an attribute. The definition of an attribute consists of two numbers:
the attribute’s values lower (LL) and upper (UL) limit. They set the interval
which the field’s values are assumed to belong to, according to the user. This
interval depends on the meaning of the given field. For example, for age (of
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a person), the reasonable interval would be, e.g., [18], in a particular context,
i.e. for a specific group. Such a concept of an attribute makes it possible to uni-
versally define fuzzy values.

Fuzzy values are defined as fuzzy sets on [—10,+10]. Then, the matching
degree md(- , -) of a simple condition referring to attribute AT and fuzzy value
FV against a record R is calculated by

md(AT = FV,R) = ug (t1(R(AT)))

where R(AT) is the value of attribute AT in record R, urp is the membership
function of fuzzy value FV, ©:[LL 47, UL 47] — [—10,10] is the mapping from
the interval defining AT onto [—10, 10] so that we may use the same fuzzy val-
ues for different fields. A meaningful interpretation is secured by T which makes
it possible to treat all fields domains as ranging over the unified interval
[—10,10].

For simplicity, it is assumed that the membership functions of fuzzy values
are trapezoidal as in Fig. | and 7 is assumed linear.

Linguistic quantifiers provide for a flexible aggregation of simple conditions.
In FQUERY for Access the fuzzy linguistic quantifiers are defined in Zadeh’s
[51] sense, as fuzzy set on [0, 10] interval instead of the original [0, 1]. They may
be interpreted either using original Zadeh’s [51] approach or via the OWA
operators (cf. Yager [45] or Yager and Kacprzyk [49]); Zadeh’s interpretation
will be used here. The membership functions of fuzzy linguistic quantifiers are
assumed piece-wise linear, hence two numbers from [0, 10] are needed. Again, a
mapping from [0, N], where N is the number of conditions aggregated, to [0, 10]
is employed to calculate the matching degree of a query. More precisely, the
matching degree, md(-, -), for the query “Q of N conditions are satisfied” for
record R is equal to md(Q, condition;, R) = g [1(D_imd(condition;, R))].

o
>
Wt ——
o4+ - ——
@)
o
x

Fig. 1. An example of the membership function of a fuzzy value.
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We can also assign different importance degrees for particular conditions.
Then, the aggregation formula is equivalent to (3). The importance is identified
with a fuzzy set on [0, 1], and then treated as property B in (3).

FQUERY for Access has been designed so that queries containing fuzzy
terms are still syntactically correct Access’s queries. It has been attained
through the use of parameters. Basically, Access represents the queries using
SQL. Parameters, expressed as strings limited with brackets, make it possible
to embed references to fuzzy terms in a query. We have assumed special nam-
ing convention for parameters corresponding to particular fuzzy terms. For
example, a parameter like:

[FfA_FV fuzzy value name] will be interpreted as a fuzzy value
[FfA_F Q fuzzy quantifier name]  will be interpreted as a fuzzy quantifier

Before a fuzzy term may be used in a query, it has to be defined using the
toolbar provided by FQUERY for Access and stored internally. This feature,
i.e. maintenance of dictionaries of fuzzy terms defined by users, strongly sup-
ports our approach to data summarization to be discussed next. In fact, the
package comes with a set of predefined fuzzy terms but the user may enrich
the dictionary too.

4, Microsoft Access - Troublesome orders : Kwerenda wybierajaca

Eg |l

Order details Products

Y FQUERY's Toolbar

Fig. 2. Composition of a fuzzy query.
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When the user initiates the execution of a query it is automatically trans-
formed by appropriate FQUERY for Access’s routines and then run as a na-
tive query of Access. The transformation consists primarily in the replacement
of parameters referring to fuzzy terms by calls to functions implemented by the
package which secure a proper interpretation of these fuzzy terms. Then, the
query is run by Access as usually.

FQUERY for Access provides its own toolbar. There is one button for each
fuzzy element, and the buttons for declaring attributes, starting the querying,
closing the toolbar and for help (cf. Fig. 2).

Details can be found in Kacprzyk and Zadrozny [18-20,28] and Zadrozny
and Kacprzyk [56].

5. Implementation

As a simple illustration of Type 5 summaries, an implementation is shown
for a sales database of a medium size computer retailer in Southern Poland.
For illustration we will only show some examples of linguistic summaries for
some interesting (for the user!) choices of relations between attributes.

First, discovered interesting relations between the commission and the type
of goods sold are shown in Table 2. As we can see, the results can be very help-
ful in, e.g., negotiating commissions for various products sold.

Next, the relations between the groups of products and times of sale are
shown in Table 3. Notice that in this case the summaries are much less obvious
than in the former case expressing relations between the group of product and
commission. It should also be noted that the weighted average is here very low
but this, by technical reasons, should not be taken literally as these values are
mostly used to order the summaries obtained.

Finally, let us show in Table 4 some of the obtained linguistic summaries
expressing relations between the attributes: size of customer, regularity of cus-
tomer (purchasing frequency), date of sale, time of sale, commission, group of

Table 2
Linguistic summaries expressing relations between the group of products and commission

Summary

About 1/2 of sales of network elements is with a high commission
About 1/2 of sales of computers is with a medium commission
Much sales of accessories is with a high commission

Much sales of components is with a low commission

About 1/2 of sales of software is with a low commission

About 1/2 of sales of computers is with a low commission

A few sales of components is without commission

A few sales of computers is with a high commission

Very few sales of printers is with a high commission
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Table 3
Linguistic summaries expressing relations between the groups of products and times of sale

Summary

About 1/3 of sales of computers is by the end of year

About 1/2 of sales in autumn is of accessories

About 1/3 of sales of network elements is in the beginning of year
Very few sales of network elements is by the end of year
Very few sales of software is in the beginning of year

About 1/2 of sales in the beginning of year is of accessories
About 1/3 of sales in the summer is of accessories

About 1/3 of sales of peripherals is in the spring period
About 1/3 of sales of software is by the end of year

About 1/3 of sales of network elements is in the spring period
About 1/3 of sales in the summer period is of components
Very few sales of network elements is in the autumn period

A few sales of software is in the summer period

Table 4

Linguistic summaries expressing relations between the attributes: size of customer, regularity of
customer (purchasing frequency), date of sale, time of sale, commission, group of product and day
of sale

Summary

Much sales on Saturday is about noon with a low commission
Much sales on Saturday is about noon for bigger customers
Much sales on Saturday is about noon

Much sales on Saturday is about noon for regular customers
A few sales for regular customers is with a low commission

A few sales for small customers is with a low commission

A few sales for one-time customers is with a low commission
Much sales for small customers is for non-regular customers

product and day of sale. This is an example of the most sophisticated form of
linguistic summaries accommodated in the system described.

Notice that we do not present just one linguistic summary but some set of
them: not too many and not too few, and leave their interpretation, usefulness,
etc. to the user. This is—in our opinion—very important as it may guarantee
user’s autonomy that is so relevant for all tools that are meant for decision sup-
port. For clarity, we will not give the degrees of validity of the particular sum-
maries: these are simply the best summaries obtained.

These are the most valid summaries, and they give the user much insight into
relations between the attributes chosen, moreover they are simple and human
consistent.

Notice that these summaries concern data from the company’s known data-
base. However, companies operate in an environment (economic, climatic, so-
cial, etc.), and aspects of this environment may be relevant because they may
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Table 5
Linguistic summaries expressing relations between group of products, time of sale, temperature,
precipitation, and type of customers

Summary

Very few sales of software is in hot days to individual customers
About 1/2 of sales of accessories is in rainy days on weekends by the end of the year
About 1/3 of sales of computers is in rainy days to individual customers

greatly influence the operation, economic results, etc. of a particular company.
A notable example may here be the case of climatic data that can be fetched
from some sources, for instance from paid or free climatic data services. The
inclusion of such data may be implemented but its description is beyond the
scope of this paper. We can just mention that one can obtain for instance
the linguistic summaries as in Table 5 in the case when we are interested in rela-
tions between group of products, time of sale, temperature, precipitation, and
type of customers.

It is easy to see that the contents of all the linguistic summaries obtained does
give much insight to the user (analyst) in what is happening in the company and
its operation, and can be very useful. Moreover, the use of a protoform of linguis-
tic summaries provide a much needed universality and can greatly simplify the
conceptual and algorithmic design, and hence the implementation.

6. Concluding remarks

We considered linguistic data(base) summaries in the sense of Yager. First,
we discussed an extension of the classic Yager’s approach to involve more
sophisticated criteria of goodness, search methods, etc. We advocate the use
of the concept of a protoform, that is recently vividly advocated by Zadeh,
as a general form of a linguistic data summary. We present an extension of
our interactive approach, based on fuzzy logic and fuzzy database queries,
which makes it possible to implement such linguistic data summaries. We show
how fuzzy queries are related to linguistic summaries, and show that one can
introduce a hierarchy of prototype forms (protoforms), or abstract summaries
in the sense of latest Zadeh’s ideas meant mainly for increasing deduction capa-
bilities of search engines. For illustration we show an implementation for a
sales database in a computer retailer, employing some type of a protoform
of a linguistic summary.
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