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Abstract— An extension to the classical Boolean model of
information retrieval is discussed. The approach is based on
recent advances in the area of fuzzy logic in a narrow sense. A
strictly formal logical interpretation is provided for all elements
of the model including the representation of both documents and
queries and the evaluation of queries.

I. I NTRODUCTION

Research on information retrieval has a long history. Tradi-
tionally three models of retrieval are assumed in the literature:
Boolean, vector space and probabilistic. Many variations and
extensions to these models have been proposed. In practice the
first one seems to be the most widely employed in commercial
information retrieval systems. In its classical form it offers
a strong querying language based logical concepts and at
the same time a rather inflexible document representation.
The vector space model appears to be complementary in this
respect. Hence, the combination of them should be beneficial.
The re-interpretation of the Boolean model should provide a
sound theoretical background for such a combination.

The idea of the fuzzy logic based information retrieval
system has been studied and developed by many authors, cf.,
e.g., [1], [2], [3], [4], [5], [6], [7], [8], [9]. However, new
advancements in the area of fuzzy logic in a narrow sense
exemplified by the work of Hajek [10] or Novak and Perfilieva
[11], [12], [13] open new possibilities for a consistent logical
treatment of all the elements of the information retrieval
model.

Basically, a model of information retrieval should address
at least three aspects:

• representation of documents
• representation of queries
• methods used to evaluate the matching of a query against

a document.

In this paper1 we look for the interpretation of all this
aspects in terms of fuzzy propositional logic. We combine
concepts and solutions proposed previously in the literature
with some original contributions. Our goal is to provide for a
unified interpretation of the retrieval process in terms of fuzzy
logic rather than to offer specific solutions regarding particular
aspects of this process, e.g., new weighting scheme.
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The paper is composed as follows. Section II presents the
classical Boolean model of information retrieval. We try to
formalize all elements of the model in the spirit of the classical
propositional calculus. We also briefly discuss some other
logical approaches that may be relevant for our purposes. In
Section III fuzzy propositional logics are discussed, mainly
from the perspective of [12], [13], [10]. The first reference is
in a sense (for our purposes) a “naive” one, directly emerging
from fuzzy sets theory. We are less rigorous in its presentation.
The second reference is a more sophisticated logic which
provides a theoretical background for a more comprehensive
extension of the classical Boolean model. Finally, in Section
IV we demonstrate how elements of extended Boolean model
may be expressed in terms of fuzzy propositional logic dis-
cussed in the previous section.

II. T HE CLASSICAL BOOLEAN MODEL OF INFORMATION

RETRIEVAL

We will briefly characterize the classical Boolean model in
terms of the document and query representation, as well as
of the query evaluation. This will be a starting point for the
extension of the model towards its fuzzy counterpart. In the
paper we assume the following notation:

D = {di}i=1,N − a set of text documents

T = {tj}j=1,M − a set of index terms

In what follows we will denote byd both a document and
its representation and the proper interpretation ofd should be
clear from the context. In the Boolean model a document is
represented by a set of index terms assigned to it. It may be
specified formally in several ways. In a most straightforward
way, a document may be identified with a set of index terms,
i.e.,:

di = {tk}k=1,K di ∈ D, tk ∈ T

Second, such a set may be equivalently specified by its
characteristic function or, more practically, by a binary vector
with coordinates corresponding to the particular index terms.
This representation may be further generalized, towards the



formalism typical for the vector space model, introducing a
function F such that:

F : D × T −→ {0, 1} (1)

Still another propositional logic based formalisation of the
Boolean representation of documents is possible, and it is more
appropriate for the logical character of the model. Namely, we
associate with each index termtj a propositional variablesj .
Then, a document is represented by a propositional formula
being a conjunction of propositional variables corresponding
to the index terms assigned to this document, and the negations
of propositional variables corresponding to the rest of index
terms. For example, let a set of index terms consist of
“computer”, “internet”, “network”, “journal” and “magazine”.
Then, a documentd to which the first three of them are
assigned is be represented as:

s1 ∧ s2 ∧ s3 ∧ ¬s4 ∧ ¬s5 (2)

assuming that the propositional variabless1, . . . s5 are asso-
ciated with the subsequent index terms. Such an approach
opens new vistas for a more sophisticated representations of
documents in which not just a conjunction of index terms,
but more complex formulae are also applicable. This is in the
spirit of the logical approach to the modelling of information
retrieval initiated by van Rijsbergen [14], [15]. We will dwell
on it just after discussing the evaluation mechanism of the
Boolean model. Moreover, we will then offer still another view
on the representation of a document in the framework of the
Boolean model.

In the classical Boolean model the query is a formula in the
sense of propositional logic. Again, the propositional variables
in such a formula represent the particular index terms, and may
be combined using the logical connectives, notably the nega-
tion, conjunction and disjunction. For example, a query: “Find
documents on computer or network” is represented, assuming
the same correspondence between propositional variables and
index terms as in (2), as:

s1 ∨ s3 (3)

Finally, the third element of the Boolean model, i.e., the
query evaluation mechanism refers to the truth or validity of
the formula representing the query. Informally, for a given
documentd, a propositional variablesj of a queryq is assigned
a truth value “true” if the corresponding index term appears
in the representation of the documentd, and is assigned the
value “false” otherwise. Then, the truth degree for the whole
formula/query is computed as usually in the framework of the
propositional logic semantics, i.e., exploiting truth function-
ality of the logical connectives. The document is deemed to
be relevant to the query if and only if the formula evaluation
yields “true”.

More formally, in the spirit of van Rijsbergen’s [14], [15]
approach, the issue of matching queryq against documentd
is considered as related to the truth of (or the probability of
the truth of) formulad ⇒ q. Sebastiani [16] discussed several

possible, and studied in the literature, interpretations ofd ⇒ q
as an indicator of the relevance of documentd for query q.
Namely, [16], in order to declare the matching one may require
that:

1) d ⇒ q is true under some particular valuation of
propositional variablessj ,

2) q is semantically implied byd (d |= q),
3) d ⇒ q is a tautology (|= d ⇒ q),
4) q is provable fromd (d ` q),
5) d ⇒ q is a theorem (̀ d ⇒ q)

(4)

In the specific context of the classical propositional logic,
the interpretations 2) – 5) coincide, while the interpretation 1)
does not seem to make much sense.

For our purposes, we assume an equivalent for of the inter-
pretations 2) —5) but apparently more natural understanding
of the relevance based on a slightly different representation
of documents. Namely, a document might be understood not
as a formula of propositional logic, but as a valuation in
the sense of semantics of this logic (i.e., as an assignment
of truth values to propositional variables). More specifically,
such avaluationυd (subindexd will be used to indicate that
this valuation is implied by documentd) directly corresponds,
informally speaking, to the above mechanism for the Boolean
query evaluation, i.e.:

υd(sj) =
{

true if tj ∈ d
false otherwise

(5)

Then, queryq matches documentd if it is true under
valuationυd.

The classical Boolean model is criticized for several rea-
sons. The most obvious problem lies in the binary nature of
document representation. It is widely advocated that the index
terms might have varying importance for the representation of
a document, while in the classical Boolean model an index
term may be only either completely relevant or completely
irrelevant. In terms of our interpretation of this representation
(cf. (5)), this boils down to the limitations of the classical, two-
valued truth structure given by the set{true,false} (or, {0,1}).
Thus, a remedy may be to redefine the classical Boolean model
in terms of a multivalued logic. Before doing that in Section
IV, we first describe such a logic in Section III.

III. F UZZY PROPOSITIONAL LOGICS

In order to extend the classical Boolean model we need
to adopt a version of thefuzzy propositional logic. Actually,
depending on the scope of this extension (discussed in the
next section) we need a more or less elaborated version of
such a logic. Let us start with a simple, “naive” version,
traditionally related to fuzzy sets theory. Moreover, we will
confine ourselves mainly to the semantic aspects of such a
logic.

The language of this simple version of fuzzy logic is
identical with the classical one. Semantics is based on the
structure:

L = ([0, 1],max,min,¬,→) (6)



where particular operators correspond to the disjunction, con-
junction, negation and implication, respectively. The negation
and implication operators are ussually assumed to be¬x =
1 − x and x → y = max(1 − x, y), respectively. Other
forms of the operators are also possible. Now, a valuation
υ assigns to each propositional variable a number from the
interval [0, 1] and compound formulae are valuated employing
the indicated correspondence between the logical connectives
and the operators listed in the structureL.

Such a fuzzy propositional logic will be sufficient for a
simple, straightforward extension of the Boolean model shown
in the next section. For a more comprehensive extension of the
Boolean model a more elaborate logic will be needed. For this
purpose we adopt a fuzzy propositional logic advocated by
Perfilieva and Novak [12], [13] (cf., also Hajek’s presentation
of Rational Pavelka logic in [10]). In this approach a more
general structure of truth values than the one given by (6) is
considered. It is a so-called complete residuated lattice:

L = (L,∨,∧,⊗,→,0,1) (7)

which is a generalization of the conventional Boolean algebra
used in classical logic. It is equipped with four binary opera-
tions: two lattice operations∧ and∨, multiplication (⊗) and
residuation (→). In general, forL = [0, 1] the equivalences
among various interpretations ofd ⇒ q listed in (4) as
an indicator of relevance do not hold. In order to preserve
them (i.e., to have soundness and completeness of this fuzzy
propositional logic) some constraints have to be imposed on
the choice of some operators of (7); cf. [12], [13].

Basically, J , a formal language of classical propositional
logic, and a set,PJ , of well-formed formulas over it, are
assumed as a point of departure. The language, similarly to
the classical case, consists of:
• a countable set of propositional variabless1, s2, . . .
• a set of logical constants{a | a ∈ L} (including⊥ and
> corresponding to0 and1, respectively)

• symbol of the logical connective of implication⇒
• brackets as auxiliary symbols.

(we will use lettersp, q, . . . to denote compound formulae
composed in a proper way of propositional variables and
logical connectives).

Other logical connectives in addition to the implication may
be derived in a usual way. An important extension consists in
adding to the alphabet of languageJ logical constants for
all the truth values ofL. They will be treated themselves as
elementary formulae (besides classical elementary formulae
composed of a single propositional variable). Moreover, the
concept of an evaluated formula is introduced as a pair(p, a)
of a well-formed formulap and its syntactic evaluationa. The
intuition behind the concept of an evaluated formula is such
that it requires a formulap to be true to a degree equal at least
a. In fact, such an evalutaed formula may be interpreted as a
regular formulaa⇒ p. This interpretation will be very useful
for our purposes.

We skip other proof-theoretical aspects of this logic (in-
ference rules, logical axioms) as we are mainly interested in

semantics.
A truth valuation,υ, of formulae of languageJ is done

again similarly as in the classical case:

υ : PJ −→ L (8)

For an elementary formula a value is assigned directly and
for a compound one by employing the truth-functionality of
the logical connectives. In particular:

υ(p ⇒ q) = υ(p) → υ(q) (9)

υ(p ∨ q) = υ(p) ∨ υ(q) (10)

υ(p ∧ q) = υ(p) ∧ υ(q) (11)

υ(a) = a (12)

The truth values come now from[0, 1] (in general, from
L) instead of{0, 1}. New, special atomic formulae build of
logical constants alone,a, are always assigned a truth value
a (i.e. a truth value which the logical constanta corresponds
to).

IV. A N EXTENDED FUZZY BOOLEAN MODEL

In Section II we have expressed the classical Boolean model
of information retrieval in terms of the classical propositional
logic. Now, we will re-interprete it in the context of fuzzy
propositional logics discussed in the previous section. We will
first employ the “naive” version of this logic what makes it
possible to consider varying importance of particular index
terms in the representation of documents. The second, more
elaborate version of the fuzzy propositional logic provides a
formal ground for the interpretation of importance weights
both in documents and queries. This way, the advantages of
vector space model may be incorporated into the Boolean
model having more convincing theoretical foundations.

A. Weights in documents

First, we offer in the logical framework a formal treatment
of importance weights assigned to index terms in the represen-
tation of documents. Thus, we assume the functionF given
by (1) to be now identical with the one used in the vector
space model, i.e.,:

F : D × T −→ [0, 1] (13)

A popular choice forF might be a well-knowntf × IDF
scheme. Now, we adapt (5) to the fuzzy case. Hence, a
documentd is interpreted as a valuationυd such that:

υd(sj) = F (d, tj) (14)

The form of a query is preserved from the classical Boolean
model, i.e., it is a formulap of languagePJ , exemplified by
(3). The evaluation of a query for a document is obtained as
the truth value ofp under valuationυd. Thus, we immediately
obtain flexible representation of documents and matching
degree of a document against a query from the interval [0,1]
(from L, more generally).



B. Weights in queries

Importance weights in the representation of a document
make it possible to indicate which index terms are more, and
which less relevant for this document. Similarly, a different
importance may be assigned to various index terms or their
combinations in a query. In order to represent such importance
weights in the framework of our logical model we will exploit
the logical constants and the evaluated syntax of the fuzzy
propositional logic assumed (cf., Section III).

There is a fairly extensive literature on the topic. We will
mainly refer to the work of Buell and Kraft [2], Dubois
and Prade [17], Roubens and Fodor [18], Bordogna and Pasi
[19] and Yager [4], but many others contributed too. We will
focus on a query represented by a conjunction of propositional
variables, i.e.:

q = s1 ∧ . . . ∧ sK (15)

and this may be easily generalized to a query where eachsj

denotes any formula, not necessarily elementary one.
Next, let us assume that each index termtj is assigned an

importance weightwj ; wj ∈ [0, 1] and maxj wj = 1. Let us
denote such a “weighted query” asqw. Before we show how
to express the weights within the logical framework, first, let
us discuss how the importance weights in queries should be
interpreted.

In the literature, cf., e.g., [19], three interpretations of the
query weightswj are considered:

1) relative importance,
2) thresholds of importance, and
3) ideal weights

According to the first interpretation, weightwj of term tj
in a query indicates to what extent the appearance of an index
term tj in a document is important for the document to satisfy
the query. If the weight is low (close to 0), then the absence of
the termtj in a document (i.e., low, possibly equal 0, weight
of this term in the document) does not exclude the matching
of this document against the query. If the weight of a term in
a query is high (close to 1), then the document has to contain
the term (i.e., have a high weight assigned to this term) to
qualify for matching the query.

Due to the second interpretation [1], [2], the weights of par-
ticular index terms in the documents sought have to be higher
than threshold values expressed with importance weightswj .
There are further possible interpretations depending on how
the undersatisfaction of query terms is treated - a further
discussion is given below. Herrera-Viedma [20] proposed a
modified interpretation of query weights in this interpretation.
Namely, high query weights are treated as above, i.e., as lower
bounds on the weights of index terms in the documents, but
low weights are treated as upper bounds of these weights, thus
requiring they are lower.

The third interpretation [7] is somehow analogous to that
assumed in the vector space model as the documents sought
should be characterized by weights of the index terms similar
to those specified in the query.

These various interpretations may be to some extent uni-
formly expressed due to the results obtained in the area of
multicriteria decision making, fuzzy querying of databases and
fuzzy information retrieval. Dubois and Prade [17] formalized
the importance weight modelling in a way leading to a concise
logical representation. Moreover, this representation is directly
applicable in the framework of fuzzy logic as presented in
Section III.

Due to Dubois and Prade [17] approach (gathering, ag-
gregating and elaborating on the previous research of their
own and other authors, e.g., Yager [4]), the matching degree,
φ(qw, d), of the query qw and a documentd should be
calculated as (using notation assumed in this paper):

φ(qw, d) = (16)

(w1 → υd(s1)) ∧ (w2 → υd(s2)) ∧ . . . ∧ (wK → υd(sK))

where→ and∧ are operators used in (7).
Now, various residuation operators→ of the complete

residuated lattice (7) yield a different behaviour of importance
weights.

For the Kleene-Dienes implication:

x → y = max(1− x, y)

(assumed in the original approach of Dubois and Prade) we
recover the behaviour of the relative importance interpretation:
components of (16) with the minimal (wj = 0) and maximal
(wj = 1) importance weights are superfluous and critical,
respectively, for the satisfaction of the overall query, while
those with intermediate importance weights are influencing
the satisfaction to some extent.

For the G̈odel implication:

x → y =
{

1 if x ≤ y
y otherwise

and the Goguen implication:

x → y = min(y/x, 1)

we get threshold semantics for the importance weights.
Namely, if index termtj is related to a document to a degree
higher or equalwj , then the component of the query composed
of tj is satisfied to a degree equal 1. On the other hand, if
the thresholdwj is not reached, then the matching degree
falls below 1, according to the respective implication operator.
The Goguen implication operator based formula provides for
a continuous transition from the full satisfaction (degree equal
1) to lower degrees of matching.

Thus, semantics of the weighted queries have been studied
in the literature very extensively and satisfactory solutions
have been obtained. What we propose here is the syntax of
importance weights in the queries which is consistent with
the logical model of information retrieval. Thanks to the
more sophisticated version of the fuzzy propositional logic
discussed in Section III (cf. (7)) this syntactical extension is
very natural and easy. Namely, a well-formed formula of this



logic corresponding to the semantics expressed with (16) looks
as follows:

qw = (w1 ⇒ s1) ∧ (w2 ⇒ s2) ∧ . . . ∧ (wK ⇒ sK) (17)

where wi’s are logical constants, while∧ denotes the con-
junction connective whose semantics is provided by a lattice
operator (7) denoted for simplicity with the same symbol∧.

Thus, we get a general syntactic counterpart of the semantic
approaches to the modelling of importance weights in queries.
This makes it possible to study various interpretations of
van Rijsbergen’sd ⇒ q expression of relevance between a
documentd and a queryq. This is especially important for
logics lacking soundness or completeness properties.

In order to complete the formalisation of weighted queries
in the logical framework we will briefly address two remaining
problems: the syntax for importance weights meant as ideal
weights and a query composed using the disjunction instead of
the conjunction connectives. In both cases neither the formula
(17) nor the expression (16) are valid.

In order to express the ideal weights interpretation of
importance weights [19] we propose to replace (17) with:

qw = (w1 ⇔ s1) ∧ (w2 ⇔ s2) ∧ . . . ∧ (wK ⇔ sK) (18)

where the equivalence connective⇔ is to be modelled by the
following operator↔:

x ↔ y = min(x → y, y → x)

and→ is the Goguen implication operator.
The↔ operator should be then treated as derived from other

operators defined in the lattice (7). It may be easily verified
that:

x ↔ y =

 1 if x = y
x/y if y > x
y/x if y < x

and, thus, we obtain a reasonable characterization of the ideal
weights interpretation.

It should be emphasized that a proper interpretation of
importance weight should be carefully adopted as this does
really makes a considerable difference. It may be illustrated
on the following small example. Let us consider 3 documents
and 3 index terms characterizing them in the following way:

t1 t2 t3
d1 1.0 0.8 0.7
d2 0.5 1.0 0.6
d3 0.3 1.0 0.45

and a query in the form:

q = (s1, 0.3) ∧ (s2, 1.0) ∧ (s3, 0.5)

We do not use here the notation corresponding to (17) as we
want to take into account also an ideal weight interpretation
that does not fit this scheme. Thus, in the above informal
notation(sj , wj) denotes a propositional variablesj with the
wj constant assigned what formally should be read aswj ↔
sj in case of an ideal weight interpretation andwj → sj

otherwise.

Then, depending on the importance weights interpretation
we obtain a very different result:

weight interpretation order of documents
relative importance d1 � d2 � d3

thresholds of importanced2 � d3 � d1

ideal weights d3 � d2 � d1

where� denotes the ordering imposed on documents accord-
ing to their matching degree against the queryq.

Finally, let us consider the problem of a query being a
disjunction of weighted propositional variables. It turns out
that it may be formally expressed as:

qw = (¬w1 ⇒c s1) ∨ (¬w2 ⇒c s2) ∨ . . . ∨ (¬wK ⇒c sK)
(19)

where⇒c is acoimplicationconnective. This connective may
be treated as a derived one whose semantics in the context of
the lattice (7) may be provided by an operator→c defined as
follows [18]:

x →c y = ¬(¬x → ¬y)

Thus, for the Kleene-Dienes, Gödel and Goguen implica-
tion operators the corresponding coimplication operators are
defined, respectively:

x →c y = min(1− x, y)

x →c y =
{

0 if x ≥ y
y otherwise

x →c y =
{

0 if x = 1
max{0, y−x

1−x} otherwise

This completes our presentation of the logical formalism of
weighted queries based on a fuzzy propositional logic.

C. Aggregation operators

Such an extended Boolean model as presented in the
previous subsections may be further refined with respect to
the logical connectives used. In the literature such extensions
have been proposed (cf., e.g., [19]) and are motivated by
a potential inadequacy oft-norm and t-conorm operators
for the modelling of users’ information needs. This may be
exemplified by a query represented in our logical formalism
as:

q = s1 ∧ s2 ∧ s3 ∧ s4 ∧ s5 (20)

This query might be an imperfect representation of the user
needs regarding documents that are related to the index terms
t1, . . . t5. If all index terms are really required, then (20) is
right. However, it may easily be the case that the user is not
sure how to express his or her needs that may, in fact, be
satisfied by a document related to just 3 or 4 of the index
termst1, . . . t5. More generally, he or she may find interesting
a document related tomost of the index terms from among
t1, . . . t5. If this latter requirement is the real need of the user,
then a query in the form (20) might be completely inadequate.
Notice, that it is enough that only onesi is valuated to 0 for a
given document to make the whole query to be matching this
document to degree 0. In this respect, the fuzzy extension of



the fuzzy Boolean model as described earlier does not change
anything.

This problem has been addressed by Salton et al. [21] and
their approach may be illustrated on the following example
(20). They suggested that the relevance of a document should
be computed as inversely proportional to the distance between
two vectors[w1, w2, w3, w4, w5] and [1, 1, 1, 1, 1], where the
former represents documentd, gathering weights of the index
termst1, . . . , t5 in it, while the latter represents our exemplary
query (20). The distance between the vectors is to be computed
using a p-norm (more often referred to as anl-norm) for
a selected value of parameterp. For p = 1 we obtain the
solution similar to the vector space model, and forp = ∞ we
obtain a simple fuzzy model with the minimum and maximum
operators representing the conjunction and disjunction.

This deficiency of both the classical and fuzzy logical
connectives has been also observed in the context of decision
making, database querying etc. A number of otheraggregation
operatorshas been proposed as substitutes. Now, they may be
studied in the framework of a rigorous, formally defined fuzzy
logical model of information retrieval.

V. CONCLUSION

We have proposed an extension to the classical Boolean
model of information retrieval. This extension refers to a new
theoretical advancements regarding fuzzy propositional logic.
In the paper we have provided formal logical interpretations
for all elements of the information retrieval model. We have
used both some results well-known in the literature and some
original solutions. The latter include: a new interpretation of
a document as a valuation in terms of propositional logic;
syntactical representation of weighted queries in the language
of fuzzy propositional logic presented in [12], [13], [10]
and a logical representation of ideal weights interpretation of
importance weights in queries via equivalence operator.

A comprehensive interpretation of all elements of infor-
mation retrieval model in terms of fuzzy propositional logic
makes it possible to address some other problems inherent
to a classical logical model (cf., e.g., [22]). This requires a
further study. Another area for further research is the question
of interpretation of the proposed model depending on the
implication operator assumed in the lattice (7).
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