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Abstract

The concepts of bipolar queries and queries with prefer-

ences are studied. Various interpretations of the former, re-

cently defined by Dubois and Prade, are discussed. The lat-

ter were defined by Chomicki together with a new relational

algebra operator winnow. The fuzzy version of the winnow

operator is proposed. It is shown how it may be used to

express a selected interpretation of the bipolar queries.

1. Introduction

Basically, a database query may be identified with a con-

dition that the data sought should satisfy. Such a condition

often has a complex structure and comprises some atomic

conditions combined using logical connectives. Various ex-

tensions has been proposed in the literature in the frame-

work of so-called flexible querying. For example the use

of fuzzy predicates modelling linguistic terms in conditions

has been advocated (cf., e.g., [9]). Also the assignment of

importance weights to particular parts of the condition has

been proposed and studied (cf., e.g., [7]). The aim is to

provide for a greater flexibility in expressing the user re-

quirements as to the data sought.

In 2002 Dubois and Prade [8] introduced a concept of

bipolar query. There is a pair of (fuzzy) conditions cor-

responding to rejected and desired (preferred) sets of tu-

ples, respectively. Thus the reason for referring to these

queries as bipolar. Here we assume an equivalent defini-

tion of bipolar queries where a pair of the required and pre-

ferred conditions is considered. The former corresponds to

the complement of the set of rejected tuples. In [8] the au-

thors use both definitions interchangeably.

The general interpretation of the bipolar query is as fol-

lows. The tuples sought have to satisfy the required con-

dition unconditionally, while the preferred condition is of

somehow secondary importance. The interrelation between

these two types of conditions may be meant in various ways

and leads to different interpretations of the bipolar queries.

Basically, Dubois and Prade adopt a lexicographic order

based view of this interrelation.

More generally, the way these conditions are jointly

taken into account may be treated as the question of a def-

inition/selection of an appropriate aggregation operator to

be applied. It turns out, that in the literature this prob-

lem has been studied under different names, and some-

times in slightly different contexts, by many authors. In the

framework of database querying the paper by Lacroix and

Lavency [10] was first to propose such type of queries and

triggered the interest of the other researchers. This lead to

the development of a more general concept of a query with

preferences and a corresponding new relational algebra op-

erator winnow, introduced by Chomicki [5, 6].

Both Lacroix and Lavency’s as well as Chomicki’s ap-

proach deal with crisp conditions only. In [15] we compare

various interpretations of bipolar queries with and advocate

one of them that is a direct “fuzzification” of the approach

by Lacroix and Lavency. In this paper we propose a fuzzy

version of the winnow operator and we show that the bipo-

lar query, interpreted as the fuzzy counterpart of the Lacroix

and Lavency approach, is a special case of a query with pref-

erences, i.e., a query using the fuzzy winnow operator.

2. Bipolar queries

The following notation will be used: T = {tj} is a set

of tuples to be queried; C(·) and P (·) are, fuzzy in general,

predicates corresponding to the required and preferred con-

ditions, respectively. We will identify these predicates with



fuzzy sets and C(t) and P (t) will denote their membership

function values. A query of this type may be exemplified

with:

Find a house cheaper than 150 000 $ and pos-

sibly located not more than two blocks from a

railway station

(1)

Thus, the required, strict condition concerns the price and

the preferred condition refers to the distance to a railway

station. A fuzzy version of such a query may be exemplified

with:

Find a cheap house preferably near a railway station (2)

Basically, Dubois and Prade [8] adopt an interpretation of

bipolar queries leading to the lexicographic ordering, �, of

the tuples, i.e.,

t1 � t2 ⇐⇒ (C(t1) < C(t2))∨

∨ ((C(t1) = C(t2)) ∧ (P (t1) ≤ P (t2))) (3)

The second, possibilistic interpretation of (1) is as fol-

lows. We are looking for a house that:

– has to be less expensive than 150 000 $

– if there is a house closer than three blocks from a rail-

way station then other houses satisfying just the first

condition are of no interest

The concept of the queries with such an interpretation

has been originally proposed by Lacroix and Lavency [10]

in 1987. These authors considered such queries only in the

crisp context. This interpretation may be more formally

expressed by the following description of the set of tuples

sought ([10]):

{t ∈ T : C(t) ∧ (∃s(C(s) ∧ P (s)) −→ P (t))} (4)

In order to cover also fuzzy predicates C and P we will

express the characteristic/membership function of this set,

γ1(C,P, t, T ), in the following form:

γ1(C,P, t, T ) =

min(C(t),max(1 − max
s∈T

min(C(s), P (s)), P (t))) (5)

In this formula min and max correspond to logical conjunc-

tion and disjunction in (4), while ¬x = 1 − x is used for

negation and Kleene-Dienes version of fuzzy implication

operator is assumed. The formula (5) has been proposed

earlier by Yager [13, 12, 14] in the context of the multicri-

teria decision making. It refers to the concept of the condi-

tional possibility of satisfying P when C is satisfied - that is

why we refer to this interpretation as possibilistic. The ap-

proach proposed by Yager was employed by Bordogna and

Pasi [2] for information retrieval tasks.

Dubois and Prade [8] also considered a formula similar

to (5) which they found unsatisfactory. It was character-

ized by an arbitrary parameter that, in light of (5), obtains a

meaningful interpretation; cf. [15] for details.

The characteristic feature of the interpretation repre-

sented via (5) is that the value of matching degree,

γ1(C,P, t, T ), for a tuple t depends not only on t, but also

on the whole set of tuples T (what is appropriately ac-

counted for by introducing the fourth parameter, T , of γ1).

The third interpretation of bipolar queries comes from

Bosc and Pivert [3, 4]. They proposed a fuzzy interpreta-

tion of the Lacroix and Lavency approach. However they

assume a slightly different point of view interpreting (1) as

a request to:

– find houses that are less expensive than 150 000$ (or

more generally, satisfy C),

– order them in the answer in such a way that those

closer than three blocks from a railway station go first

(or more generally, order them according to their satis-

faction of the condition P ).

Thus, for them the question of combining the satisfaction

of C and P is secondary. They are mainly concerned with

various, non-Boolean forms of the condition P . Anyway, in

[4] Bosc and Pivert propose the following formula for the

aggregation of both types of conditions:

γ2(C,P, t, T ) =

min(C(t),max(P (t),min
s∈T

(P (s) : P (s) > 0) − ǫ)) (6)

where ǫ is some small value. Basically, this formula corre-

sponds to the conjunction, C(t) ∧ P (t), modified so as to

avoid 0 matching degree for a tuple satisfying C but not P .

This is obviously quite different from the original concept

of Lacroix and Lavency.

Thus we have three interpretations of bipolar queries:

I. possibilistic, cf., (5),

II. Bosc and Pivert’s, cf. (6),

III. based on the lexicographic order, cf. (3)

It may be shown (cf. [15]) that only the possibilistic in-

terpretation is an appropriate fuzzy counterpart of the orig-

inal approach of Lacroix and Lavency.

3. Fuzzy winnow operator and bipolar queries

The paper by Lacroix and Lavency [10] started the re-

search on queries with preferences. The concept of bipo-

lar queries discussed in the previous sections may be inter-

preted as the development of the original idea of Lacroix



and Lavency in the framework of fuzzy logic. In the litera-

ture a more general approach is also proposed, namely the

preferences directly represented by preference relations, as

they are used in the domain of decision making. In this

respect the works of Chomicki [5, 6] are of a special in-

terest. He proposes an extension to the relational algebra

as well as to the SQL language by a new operator winnow.

This unary operator selects from a set of tuples1 those which

are non-dominated with respect to a given preference rela-

tion. Chomicki defines this operator for crisp preference

relations and crisp sets of tuples. In this paper we propose

a fuzzy version of the winnow operator and we show how it

may be used to represent bipolar queries, according to their

possibilistic interpretation expressed by (5).

3.1. The winnow operator

In Chomicki’s approach [5, 6] the preference relation is

any binary relation R defined on the set of tuples T .

Definition 1. The preference relation on the set of tuples

T over the scheme {A1 : D1, . . . , An : Dn}, where Ai

denotes an attribute and Di its domain, is a binary relation

R

R ⊆ (D1 × D2 × . . . × Dn) × (D1 × D2 × . . . × Dn)

If two tuples t, s ∈ T are in relation R, i.e., R(t, s), then it

is said that the tuple t dominates the tuple s with respect to

the relation R.

The winnow operator is defined for certain preference

relation R as a relational algebra operator. For a given set

of tuples it yields a subset of the non-dominated tuples with

respect to R.

Definition 2 ([5]). Let T be a set of tuples and R a prefer-

ence relation defined on T . Then the winnow operator ωR

is defined as follows

ωG(T ) = {t ∈ T : ¬∃s∈T G(s, t)} (7)

A (relational algebra) query employing the winnow oper-

ator is referred to as the query with preferences. Chomicki

[5] shows that the winnow operator may be expressed within

the classical relational algebra. However he also points out

that this operator has a great practical potential. Distin-

guishing the winnow operator makes it possible to study

its behavior depending on the assumed preference relation

properties. Moreover, this makes it possible to come up

with specialized methods of its execution and the optimiza-

tion of the execution of the whole query containing it.

The semantics of the winnow operator is illustrated with

the following example.

1Here we have to refer to two types of relations: relations representing

data in a database and preference relations. In order to avoid misunder-

standings we will refer in this sections to the relations in the former sense

as to the sets of tuples.

Example 1. Let us consider a database of a real-estate

agency with a table (relation) HOUSES containing the de-

tails of the real-estate properties offered by the agency. The

schema of the relation HOUSES contains, among other, the

attributes city and price. Let us assume that we are in-

terested in the list of cheapest houses in each city. We define

the preference relation as follows

R(t, s) ⇔ (t.city = s.city) ∧ (t.price < s.price)

Then the winnow operator ωR(HOUSES) will select the

houses that are sought.

A bipolar query with crisp conditions: required C and

preferred P may be expressed using the winnow operator in

the following way. Let us start with the example (1). Let us

define the following preference relation

R(t, s) ⇔ (t.to station ≤ 2) ∧ (s.to station > 2)

Then, the following composition of the relational algebra

operators yields the required results

ωR(σprice≤150000(HOUSES))

where σφ is the classical selection operator that selects from

a set of tuples those for which φ holds.

It may be easily verified that such a composition pre-

serves the semantics of bipolar queries assumed in this pa-

per. If there are houses cheaper than 150 000 $ and located

closer than two blocks from the station then only them will

be selected. Otherwise all houses cheaper than 150 000 $

will be selected if such exist.

In general, for a bipolar query given by a pair of re-

quired and preferred conditions (C,P ), a corresponding

query with preferences is determined as follows. The pref-

erence relation R is defined as

R(t, s) ⇔ P (t) ∧ ¬P (s) (8)

and then the composition of the relational algebra operators

ωR(σC(T ))

yields the same result as the bipolar query with crisp condi-

tions (C,P ).

3.2. The fuzzy winnow operator

In order to make the winnow operator able to express

bipolar queries with fuzzy conditions C and P its definition

has to be extended. In particular the following aspects have

to be taken into account:

– R should be assumed to be a fuzzy preference relation,



– a fuzzy counterpart of the non-dominance concept has

to be employed,

– the set of tuples T should be assumed to be a fuzzy set.

We will introduce a definition of the fuzzy winnow oper-

ator using the Świtalski’s [11] approach to the fuzzy choice

functions. In this approach an expression of the set of non-

dominated elements is introduced that is convenient for our

purposes. It has the following form

N(T,R) = T ∩
⋂

s∈T

¬R−(s) (9)

where

R−(s) = {u : R(s, u)} (10)

and N(T,R) denotes the set of non-dominated elements of

the set T with respect to the preference relation R, while

R−(s) is a set of elements dominated by the element s with

respect to the relation R, and ¬A denotes the complement

of the set A.

Using (9) we may define the winnow operator in the fol-

lowing way, equivalent to (7)

ωR(T ) = N(T,R) (11)

Now let us define what will be meant here by the fuzzy

preference relation. In fact the research on fuzzy preference

relations has a very long history in the framework of the

decision making theory - cf. [1] for one of the first papers

on that topic. Here we will assume, following def. 1, a

rather simplified definition.

Definition 3. A fuzzy preference relation on a crisp set of

tuples T over the scheme {A1 : D1, . . . , An : Dn}, is any

fuzzy binary relation R̃

R̃ ∈ F((D1 × D2 × . . . × Dn) × (D1 × D2 × . . . × Dn))

that is identified with its membership function µR̃.

A set of elements non-dominated with respect to a fuzzy

preference relation R̃ is assumed to be a fuzzy set. In order

to define this set we use (9), assuming standard operations

of the intersection and complement of fuzzy sets, and a fol-

lowing generalization of (10)

µR̃−(s)(u) = µR̃(s, u) (12)

defining the membership function of the fuzzy set R̃−(s)
of elements dominated by the element s with respect to the

relation R̃.

Finally, we have to adapt (9) to cover the case when the

set of tuples T is a fuzzy set. Let us first rewrite (9) as a

predicate calculus formula

N(T, R̃)(t) ⇔ T (t) ∧ ∀s∈T¬R̃−(s)(t) (13)

where particular fuzzy predicates are denoted with the same

symbols as corresponding fuzzy sets. Then applying (12)

we transform (13) to

N(T, R̃)(t) ⇔ T (t) ∧ ∀s∈T¬R̃(s, t) (14)

Taking into account the fuzziness of the predicate T , which

will be denoted as T̃ , we replace the restricted quantifier

∀s∈T appearance in (14) with an equivalent non-restricted

form, thus leading to

N(T̃ , R̃)(t) ⇔ T̃ (t) ∧ ∀s (T̃ (s) → ¬R̃(s, t)) (15)

Using the above transformations we propose the following

definition.

Definition 4. Let T̃ be a fuzzy set of tuples and R̃ a fuzzy

preference relation, both defined on the same set of tuples

T . Then the fuzzy winnow operator ωR̃ is defined as follows

ωR̃(T̃ )(t) = N(T̃ , R̃)(t) t ∈ T (16)

where the fuzzy predicate N(T̃ , R̃) is determined by (15).

Assuming in (15) various interpretations of the fuzzy

logical connectives of conjunction, negation and implica-

tion one obtains variants of the fuzzy winnow operator. Now

we will show how one of these variants may be used to ex-

press bipolar queries with fuzzy conditions meant according

to their possibilistic interpretation (5).

Let us consider a bipolar query defined by a pair of fuzzy

conditions (C,P ). We will identify these conditions with

fuzzy predicates, which will be denoted with the same sym-

bols. Let R̃ be a fuzzy preference relation of a following

form (cf., (8))

R̃(t, s) ⇔ P (t) ∧ ¬P (s) (17)

Then we may express a bipolar query as a combination of

the selection and fuzzy winnow operator

ωR̃(σC(T )) = N(C(T ), R̃) (18)

where C(T ) is a fuzzy set of the elements of T satisfying

(to a degree) the condition C, i.e.,

µC(T )(t) = C(t)

Using (15) we can define the predicate (set) N(C(T ), R̃)
in (18) as follows

N(C(T ), R̃)(t) ⇔ C(t) ∧ ∀s (C(s) → ¬(P (s) ∧ ¬P (t)))
(19)

Now we will show that for a certain selection of the logi-

cal connectives in (19) the fuzzy set of tuples obtained using

(18) is identical with the fuzzy set defined by (5). Let us as-

sume the conjunction, negation and implication interpreted



by the operators of the minimum, n(x) = 1−x and Kleene-

Dienes implication, respectively. Then

N(C(T ), R̃)(t) = (20)

min(C(t),min
s∈T

max(1 − C(s),

1 − min(P (s), 1 − P (t))) =

min(C(t),min
s∈T

max(1 − C(s),max(1 − P (s), P (t)))) =

min(C(t),min
s∈T

max(1 − C(s), 1 − P (s), P (t))) =

min(C(t),max(min
s∈T

max(1 − C(s), 1 − P (s)), P (t))) =

min(C(t),max(min
s∈T

(1 − min(C(s), P (s)), P (t))) =

min(C(t),max(1 − max
s∈T

min(C(s), P (s)), P (t)))

Hence we obtain

N(C(T ), R̃)(t) = γ1(C,P, t, T )

where γ1(C,P, t, T ) is defined by (5) and expresses the pos-

sibilistic interpretation of the bipolar queries.

4. Concluding remarks

We propose a fuzzy version of the winnow operator in-

troduced by Chomicki. We show that the proposed defini-

tion is consistent with possibilistic interpretation of bipolar

queries proposed by Dubois and Prade.
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